
Fall 2008-2009 Final Exam Date: January 30
Prof: M. Egeileh Math 201 - Sections 17 to 20 Duration: 2 hours

Exercise 1 (5 pts) Is the series
∑
n>0

(−1)n

n!
convergent ? absolutely convergent ? Justify your

answers.

Exercise 2 (5 pts) Does lim
(x,y)→(0,0)

x2

x2 − y2
exist ? Justify your answer.

Exercise 3 (17 pts) We consider the function defined on R2 by : f(x, y) = x2 + 2y2 − y3

3
.

1. Find all the critical points of f . (4 pts)

2. Give the nature (local minimum, local maximum or saddle point) of each of the critical
points you found in question 1. (8 pts)

3. Give an equation for the tangent plane to the graph of f at the point (0, 4, f(0, 4)). (5 pts)

Exercise 4 (35 pts) Let R be the region in the plane bounded by the triangle of vertices
O(0, 0), A(2, 0) and B(1, 1). We denote by C1 the line segment joining O to A, C2 the line
segment joining A to B, and C3 the line segment joining B to O.

1. (a) Compute

∫∫
R

(y − x2) dx dy , using the order dx dy. (6 pts)

(b) Write the above double integral as iterated integrals with the order dy dx (you do
not have to re-calculate its value). (4 pts)

2. Let ~F be the vector field defined on R2 by : ~F (x, y) = (x + x2y)~i + (xy + y)~j.

(a) Find, by direct computation, the value of

∫
C3

~F · ~dl (work of ~F along C3). (6 pts)

(b) Compute curl ~F (x, y) (where curl ~F is the ~k-component of the vector field
−−→
curl ~F ).

(2 pts)

(c) Apply Green’s theorem to find the value of

∫
C1

~F · ~dl +

∫
C2

~F · ~dl. (5 pts)

3. Let ~G be the vector field defined on R2 by : ~G(x, y) = (2x)~i + (4y − y2)~j.

(a) Show that ~G is conservative. (4 pts)

(b) Give a potential function for ~G. (4 pts)

(c) What is the value of

∫
C1

~G · ~dl +

∫
C2

~G · ~dl ? (4 pts)

Exercise 5 (15 pts) Compute the volume of the region D of the space lying in the first octant,
bounded from below by the xy-plane, from the sides by the planes x = 2 and y = 2, and from
above by the plane x + y + 2z = 6. The region D is sketched in page 2.
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Exercise 6 (12 pts)

1. For each the following two power series, give the radius of convergence. It is sufficient to
provide justification for only one of them. (2 pts)

(a)
∑
n>0

x2n

(2n)!

(b)
∑
n>0

x2n+1

(2n + 1)!

2. For every x ∈ R, we set ch(x) =
1

2
(ex + e−x) and sh(x) =

1

2
(ex − e−x) . Find the

Maclaurin series generated by each of the functions ch and sh. (6 pts)

3. Show that for any t ∈ [0, 1], ch(t) 6
5

3
. (Hint : you may use the fact that ch is an

increasing function on [0, +∞[, and that 1 6 ln(3)). (2 pts)

4. Deduce from the preceding question an upper bound for the error committed when ap-

proximating
1

2
(e+

1

e
) by 1.5. You may leave the final answer as a fraction

a

b
. (Hint : start

by writing that ch(x) = 1 +
x2

2!
+ 0

x3

3!
+ R3(x), then use Taylor remainder’s estimation

theorem...). (2 pts)

Exercise 7 (11 pts) Let R be the region inside the reversed empty ice-cream cone
z = −

√
x2 + y2 and sandwiched between the planes z = −1 and z = −2.

1. Find the volume of R using a triple integral in spherical coordinates, with the order
dρ dφ dθ. (9 pts)

2. Setup the triple integral whose evaluation would give you the volume of R, in spherical
coordinates, with the order dφ dρ dθ (do not re-calculate the volume of R). (2 pts)
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good luck

Exercise 1 (10 points) Given the surface z = x2 − 4xy + y3 + 4y − 2 containing the point
P (1,−1,−2)

a. Find an equation of the tangent plane to the surface at P .

b. Find an equation of the normal line to the surface at P .

Exercise 2 (15 points)

a. Which of the following series converges and which diverges? justify.

i.
+∞∑

n=0

en

1 + e2n

ii.
+∞∑

n=1

1− cosn

nln n

iii.
+∞∑

n=1

n

10 + n2

b. Find the radius of convergence of the series
+∞∑

n=0

x2n

2n
, then find its sum.

Exercise 3 (10 points)

a. If w = f(x, y) is differentiable and x = r + s, y = r − s, show that

∂w

∂r
× ∂w

∂s
=

(
∂f

∂x

)2

−
(

∂f

∂y

)2

b. Prove or disprove: The function f(x, y) =
x2y

2x4 + 3y2
can be extended by continuity at (0, 0).

Exercise 4 (10 points) Find the absolute minimum and maximum values of the function
f(x, y) = 4x− 8xy + 2y + 1 on the triangular plate whose vertices are (0, 0), (0, 1) and (1, 0).

Exercise 5 (10 points) Evaluate the integral
∫ 4

0

∫ 2

√
x
sin (y3) dydx.



Exercise 6 (10 points) Let I =
∫ ∫ ∫

G xyz dV where G is the solid in the first octant that is
bounded by the parabolic cylinder z = 2− x2 and the planes z = 0, y = x, and y = 0.

a. Express I as an iterated triple integral in the order dzdydx, then evaluate the resulting
integral.

b. Express I as an iterated triple integral in the order dxdzdy (do not evaluate the integral).

Exercise 7 (15 points) Rewrite the following triple integral

J =
∫ 2

0

∫ √
4−y2

0

∫ √
8−x2−y2

√
x2+y2

z2 dzdxdy

a. in the order dxdzdy (do not evaluate the integral).

b. in cylindrical coordinates (do not evaluate the integral).

c. in spherical coordinates, then evaluate the resulting integral.

Exercise 8 (20 points)

a. Evaluate ∫ (1,π/2,e)

(0,0,1)
(ln z + ex sin y)dx + ex cos ydy + (x/z − z)dz

b. The outward flux of a field F = M i + N j across a simple closed curve C equals the double
integral of divF over the region R enclosed by C:

∮

C
Mdy −Ndx =

∫ ∫

R

(∂M

∂x
+

∂N

∂y

)
dA (1)

Find the outward flux of the field F = 2xyi + x2j across the curve C in the first quadrant,
bounded by the parabola y = x2 and the line y = 1.

i. by using the line integral in the left side of equation (1)

ii. by using the double integral in the right side of equation (1)







  Math 201Math 201  Final Examination (Time: 2.5 hours)        Feb 1, 2006 
N. Nahlus  & H. Yamani 
 

Name  

I.D              Section Number    
 
Part 1 :       (60/100  points:)   15  problems with 4 points each  
Be Careful :    Many problems have 2 parts (with 2 points each)  
 
Circle your multiple choice answers & fill in the blanks (as in problem 1) 
Penalty:   2/1−  

 

1)    Let ∑
∞

=

++
1

0 sincos
2 n

nn nxbnxa
a   be the Fourier series of  ππ <<−= xonxxf )( .    

       (i)    Fill in the blank:   ∫=
...

....

3 .................... dxb .         

      (ii)     A) =3b  0           B) =3b 5/2            C) =3b 5/2−        D) =3b 5/1            E) =3b 5/1−     
(F)  None of the above      
 
 
 
 
 
 
 
 
 
 
 
 

2)   The series ∑
∞

= +
−

1 5ln

1
)1(

n

n

nn
 is  

       (i)      X)   Convergent                                        Y) Divergent 
 
       (ii)    A)  Absolutely convergent                 B) Conditionally convergent                    C) Divergent  
 
Reminder: Answer both parts 
 

 

3) The series ∑
∞

= +
−

1

)
2

()1(
n

nn

n

n
 is 

A)  Absolutely convergent                 B) Conditionally convergent                    C) Divergent  
 
 
  
  
  
  
 
  
  
  



4)   The series ∑
∞

=

−
1

2)!(

)!2(
)1(

n

n

n

n
 is  

A)  Absolutely convergent                 B) Conditionally convergent                    C) Div ergent  
 
 
 
 
 
 
 
 
 
 
 
 

5) Consider the  power series ∑
∞

=

−
−

1

)1(
)1(

n

n
n

n

x
 

      (i)  Fill in the blank: The  domain of convergence WITHOUT  ENDPOINTS  
 
      (ii)  The  (full) domain of convergence is                      
A)  20 << x             B) 20 <≤ x             C) 20 ≤≤ x           
D) 20 ≤< x               E)  x=1                      F) None of the above  
 
Reminder: Answer both parts 
 
 
 
 
 
 
 
 

6)  Consider the  power series )(

1

2 2n

n

n xn∑
∞

=

 

     (i)   Fill in the blank:  The  domain of convergence  WITHOUT  ENDPOINTS  
 
      (ii)  The (full) domain of convergence is       
A)  11 <<− x             B) 11 <≤− x             C) 11 <≤− x           
D) 22 ≤<− x               E)  0=x         F) None of the above 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 

7)   Let  
27)( xexxf −= .  Then  =)0()107(f  



A) 
!107

!50
                B) 

!50
!107
          C)  

!107
!50

−            D) 
!50
!107

−              E) None of the above 

 
 
 
 
 
 
 
 
 
 
 

8a)   The series ∑
∞

=2
7)(ln

1

n n
   is            A) Convergent                 B)   Divergent  

 
 
 
 
 

8b)   The series ∑
∞

=2
ln7

1

n
n

   is            A) Convergent                B)   Divergent  

 
 
 
 
 

9)  Consider the paraboloid 2422 −=−+ zyx  and  the sphere x y z2 2 2 3+ + = . 
     Then the tangent  planes  to  both surfaces at the intersection point (1, 1, 1) are 
 
A)  parallel        B)  perpendicular     C) neither perpendicular nor parallel. 
 
 
 
 
 
 
10)   Given that 100),,( =zyxF .  If the components of ∇F  are never zero,  then      

         
y

x

x

z

z

y

y

x

x

z

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

.&..   are                    A) 1  & 
y

z

∂
∂−   resp.           B)  1−  & 

y

z

∂
∂−  resp.          

 

C) 1  & 
y

z

∂
∂

  resp.       D)  1−  & 
y

z

∂
∂

  resp.            E) None of the above 

 
 
 
 
 
 
 
 
 
 
 



11)  The value of the double integral ∫ ∫
2

0

1

2/

3
6

y

dxdyey x   is 

A) 9 (e-1)                B) 4(e-1)                 C) 16(e-1)            D) 25 (e-1)         E) None of the above 
 
 
 
 
 
 
 
 
 
 
 
 
 

12)     The critical point (1, 1) of the function 15),( 55 +−+= xyyxyxf   is 
 
A) Local Maximum        B) Local Minimum          C) Saddle point 
 
 
 
 
 
 
 
 
 
 
 
 
 
13)    The function ),( yxf  at  the point  p )2,1(−   has the following directional derivavtives . 

4))((&20))(( == pfDpfD wv   where jw&3j4iv 7070=+= .       

    (i)  Fill in the blank: The gradient  vector  of  ),( yxf        

(Hint :  Is ?yffDw = ) 

    (ii)  The minimum  possible directio nal derivative of ),( yxf  at p  is 

A)  13−         B) 15−             C) 17−           D) 20−            E) None of the above 
 
Reminder: Answer both parts 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



14)  Let ),,( 235 tttfP =    where ),,( wvuf  is a differentiable function.    

Suppose 2)1,1,1( =f   & { .01)1,1,1(and   5)1,1,1(  and,3)1,1,1( =−== wvu fff }.  

Then 1at =t ,   =dtdP /   

A) 20                          B) 30                          C)   40                          D) 50                  E) None of the above 
 
 
 
 
 
 
 
 
 
 
 

15a) )
1

cos)(
1

(sin
22

)0,0(,(
lim yx

xy
yx →

                      A)  0                 B)   does not exist  

 
 

15b) 46
)0,0(,(

6

lim yx

xy

yx +→
                                          A)  0                B)   does not exist 

 
 
 
 
Part 2 :    (40 points)   Subjective  
 

16)  (6 pts). Set up  but do not evaluate   the triple  integral(s)   in  cylinderical  coordinates 
that represent the  volume of the  region bounded by the paraboloids 

22 yxz +=    and  )(18 22 yxz +−=  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



17)   (10 pts)   Set up but do not evaluate   the triple  integral(s)  in    cylinderical  &   spherical   
coordinates that represent  the volume of the region above z=0 bounded by  
the right cylinder 922 =+ yx  and the sphere  25222 =++ zyx  
 
    
cylinderical : 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
spherical 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 

2/32 −=−∫
C

xydydxy    

where C is the square with vertices (0,0), (0,1), (1, 0), (1,1)  (traced once and counter clockwise) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

19)   (3 pts)(i) Show that 425 5)2( yxdxxxy ++ dy  is an exact differential 
 
 
 
 
 
 
 

(5 pts) (ii) Use part (i) to find  (if possible) ∫ ++
C

dyyxdxxxy 425 5)2(   where C is 

 a very  complicated curve  from A(1,1)  to B(2,5) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



20) ( 3 pts)  Find the  Jacobian ),/),( θryx ∂∂  for the transformation   
θ

θ r
yrx == 2  

 
 
 
 
 
 
 
 
 
 
 
 
21)    (5 pts)   Find the absolute maximum & absolute minimum of the function 

     205434),,( 222 ++−+= zyyxzyxT        

 on the  ellipsoid  95 222 =++ zyx .     

(Eliminate 25z   OR  use Lagrange  method)      
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FINAL EXAMINATION

MATH 201

January 24, 2008; 11:30 A.M.-1:30 P.M.

Name: Signature:

Circle Your Section Number:

17. 18 19 20

24 25

Instructions:

• There are two types of questions:

PART I consists of six work-out problems. Give detailed solutions.

PART II consists of eight multiple-choice questions each with exactly

one correct answer. Circle the appropriate answer.

Grading policy:

• 10 points for each problem of PART I.

• 5 points for each problem of PART II.

• 0 point for no, wrong, or more than one answer of PART II.

GRADE OF PART I /60

GRADE OF PART II /40

TOTAL GRADE /100



2

Part I (1). Use Lagrange Multipliers to find the absolute maximum and

minimum values for the function f(x, y, z) = x − y + z on the unit sphere

x2 + y2 + z2 − 1 = 0.



3

Part I (2). Use cylindrical coordinates to find the volume of the solid

bounded above by the surface z = e

√
x2 + y2

, below by the xy−plane, and

laterally by the cylinder x2 + y2 = 1.



4

Part I (3). Find the absolute maximum and minimum values of the function

f(x, y) = x2 + 3y− 3xy over the triangular region R bounded by the x−axis,

the y−axis, and the line x+ y = 6.



5

Part I (4). Evaluate the integral

∫ ∫
R

2y + x

y − 2x
dA,

where R is the trapezoid with vertices (−1, 0), (−2, 0), (0, 4), and (0, 2), by

using the substitution u = y − 2x and v = 2y + x.



6



7

Part I (5). Integrate the function f(x, y) =
√
x2 + y2 over the parametric

curve C : −→r (t) = (cos t+ t sin t)
−→
i + (sin t− t cos t)

−→
j , 0 ≤ t ≤

√
3.



8

Part I (6). Sketch the region of integration of the integral

∫ 4

0

∫ 2

√
y
x3 cos(xy) dx dy,

and evaluate the integral by reversing its order of integration.



9

Part II (1). If f(x, y) satisfies Laplace’s equation fxx + fyy = 0, then the

value of the integral
∫
C fydx− fxdy over all simple closed curves C to which

Green’s theorem applies is

(a) 0.

(b) 1.

(c) −1.

(d) π.

(e) −π.

Part II (2). The mass of the annular metal plate bounded by the circles

r = 1 and r = 2 and whose density function is δ(r, θ) = cos2 θ is

(a) π/4.

(b) π/2.

(c) 3π/4.

(d) 3π/2.

(e) None of the above.



10

Part II (3). The volume of the solid lying below the half-cone z =
√
x2 + y2

and inside the sphere x2 + y2 + z2 = 8 is given by the triple integral

(a)
∫ 2π
0

∫ π
π/4

∫ 2
√

2
0 ρ2 sinφ dρ dφ dθ.

(b)
∫ 2π
0

∫ π/4
π/3

∫ 2
√

2
0 ρ sin2 φ dρ dφ dθ.

(c)
∫ 2π
0

∫ π/2
π/4

∫ 2
0 ρ2 sinφ dρ dφ dθ.

(d)
∫ π
0

∫ π
π/4

∫ 2
0 ρ2 sinφ dρ dφ dθ.

(e) None of the above.

Part II (4). If

an =

{
1/
√
n; 1 ≤ n ≤ 100

(−1)n/n; n > 100,

then the series
∑∞
n=1 an is

(a) convergent.

(b) absolutely convergent.

(c) conditionally convergent.

(d) divergent.

(e) None of the above.



11

Part II (5). The power series

∞∑
k=2

(−1)k
(2x− 1)k

k6k

has interval of absolute convergence

(a) −5/2 < x ≤ 7/2.

(b) −5/2 < x < 7/2.

(c) −5/2 ≤ x < 7/2.

(d) −5/2 ≤ x ≤ 7/2.

(e) None of the above.

Part II (6). The directional derivative of the function

f(x, y, z) = x2 + 4y2 − 9z2

at the point P (3, 0,−4) in the direction from P to the origin is

(a) 52.

(b) −52.

(c) 54.

(d) −54.

(e) None of the above.



12

Part II (7) The function f(x, y) = x2 − 4xy + y3 + 4y

(a) has local minimum at (4, 2) and local maximum at (4/3, 2/3).

(b) has local minimum at (4, 2) and saddle point at (4/3, 2/3).

(c) has local maximum at (4, 2) and saddle point at (4/3, 2/3).

(d) has saddle point at (4, 2) and local minimum at (4/3, 2/3).

(e) None of the above.

Part II (8) An equation of the tangent plane to the surface 2x2−y+5z2 = 0

at the point (1, 7, 1) is

(a) 3x− y + z = −3.

(b) x+ y + 2z = 10.

(c) 10x− y + 4z = 7.

(d) 4x− y + 10z = 7.

(e) None of the above.



FINAL EXAMINATION

MATH 201

January 24, 2008, 11:30-1:30pm

Name:

Student number:

Section number (Encircle): 21 22 23

Instructions:

• No calculators are allowed.

• There are two types of questions:

Part I consists of ten multiple choice questions out of 5

points each with exactly one correct answer.

Part II consists of five work-out problems out of 10

points each. Give a detailed solution for each of these

problems.



Part I:

1 - The series
∑∞

n=2
(−1)n

nlnn :

a. Converges absolutely

b. Converges conditionally

c. Diverges

2. The interval of convergence of the power series
∑∞

n=1
(x+π)n
√

n
is:

a. ]− 1− π, 1− π[

b.]− 1− π, 1− π]

c. [−1− π, 1− π[

d. [−1− π, 1− π]

e. None of the above

3. The Maclaurin series of the function
∫ x
1

ln(1−t)
t dt is:

a. −∑∞
n=0

xn+1

(n+1)2 d. −∑∞
n=1

xn+1

n(n+1)

b. −∑∞
n=1

xn+1

(n+1)2 e. None of the above.

c. −∑∞
n=0

xn

n(n+1)



4. The function f(x, y, z) at a point P decreases most rapidly
in the direction of v = i− 2j + 3k. In this direction the value of
the derivative is −5

√
14. The ∇f is:

a. −5
√

14i + 10
√

14j − 15
√

14k

b. 5
√

14i− 10
√

14j + 15
√

14k

c. −5i + 10j − 15k

d. 5i− 10j + 15k

e. None of the above

5. The critical point(s) of f(x, y) = e(x2+y2)(2x2 − y2) is (are):

a. (0, 0)

b. (0, 0), (+
−

1√
2 , 0)

c. (0, 0), (0,+−
√

2)

d. (0, 0), (+
−

1√
2 , 0), (0,+−

√
2)

e. None of the above



6. Let C be a simple closed curve, then
∫
C(x+y)dx+(x2−y2)dy

is the expression of:

a. The counterclockwise circulation of the field
F = (x2 − y2)i + (x + y)j around C.

b. The counterclockwise circulation of the field
F = (x2 − y2)i− (x + y)j around C.

c. The outward flux of the field
F = (x + y)i + (x2 − y2)j across C

d. The outward flux of the field
F = (x2 − y2)i− (x + y)j across C.

e. None of the above

7. Use the chain rule to compute ∂w
∂s when w = f(x, y, z),

x = 2s + t2, y = tu, and z = u2 − s2:

a. ∂w
∂s = (2s + t2)∂w

∂x + tu∂w
∂y + (u2 − s2)∂w

∂z

b. ∂w
∂s = 2∂w

∂x − 2s∂w
∂z

c. ∂w
∂s = t∂w

∂y + 2u∂w
∂z

d. ∂w
∂s = tu∂w

∂y + (u2 − s2)∂w
∂z

e. None of the above



8. The value of the double integral
∫ 2
0

∫ 1
y/2 3yex3

dxdy is:

a. 2(e− 1)

b. 9
2(e− 1)

c. 25
2 (e− 1)

d. 8(e− 1)

e. None of the above

9. Let D be the region bounded by the paraboloids z = 8−x2−y2

and z = x2 + y2. The volume of D in rectangular coordinates is
expressed by the following iterated integral:

a.
∫ 4
0

∫√z
−
√

z

∫√8−z−x2

−
√

8−z−x2 dydxdz +
∫ 8
4

∫√8−z
−
√

8−z

∫√z−x2

−
√

z−x2 dydxdz

b.
∫ 4
0

∫√8−z
−
√

8−z

∫√z−x2

−
√

z−x2 dydxdz +
∫ 8
4

∫√z
−
√

z

∫√8−z−x2

−
√

8−z−x2 dydxdz

c.
∫ 4
0

∫√8−z
−
√

8−z

∫√8−z−x2

−
√

8−z−x2 dydxdz +
∫ 8
4

∫√z
−
√

z

∫√z−x2

−
√

z−x2 dydxdz

d.
∫ 4
0

∫√z
−
√

z

∫√z−x2

−
√

z−x2 dydxdz +
∫ 8
4

∫√8−z
−
√

8−z

∫√8−z−x2

−
√

8−z−x2 dydxdz

e. None of the above



10. The value of the integral I =
∫∞
0 e−x2

dx is: (Hint: Compute
I2 = (

∫∞
0 e−x2

dx)(
∫∞
0 e−x2

dx)).

a. π
4

b.
√

π
2

c.
√

π
2

d. π
2

e. None of the above



Part II

I- (10 points) Use the transformation u = x − y and v = x + y

to evaluate the double integral:∫ ∫
R
(x− y)2cos2(x + y)dA

over the region R bounded by the lines: x− y = 1, x− y = −1,
x + y = 1 and x + y = 3.



II- (10 points) Use the method of Lagrange Multipliers to
find the dimensions of the rectangle of greatest area that can be
inscribed in the ellipse x2

16 + y2

9 = 1.



III- (10 points) Let D be the region bounded by below by the
xy-plane, laterally by the cylinder x2 + y2 = 9, and above by
the sphere x2 + y2 + z2 = 25. Set up, but do not evaluate, the
triple integral in cylindrical and spherical coordinates that
represents the volume of D.



IV- (10 points) Consider the vector field

F = (y + z)i + (x− 2y)j + xk

a- Verify that the field is conservative.
b- Find a potential function f(x, y, z) for F .
c- Use part b- to evaluate the work over C where C is a smooth
curve whose inital point is (3,-2,1) and the terminal point is
(-1,1,2)
d- Evaluate the work by finding parametrization for the segment
that make up C.



V- (10 points) Let C be the closed curve in the plane starting
from (0, 0) which first goes to (1, 1) along the parabola y =
x2 and then returns to (0, 0) along the line y = x. Compute∫
C ydx + eydy twice:

a) directly

b) using Green’s theorem



Math 201 - Final (Fall 08)

T. Tlas

• Please answer questions 1, 2, 4, 5 and 6 on the same sheet of paper on which it is written

(after the line following the question). Any part of your answer written on the wrong page

will not be graded. Question 3 has an extra sheet of paper on which you can write your

answer.

• When finished leave your work on your desk for it to be collected by the proctors.

• There are 6 problems in total. Most questions have several parts to them. Make sure that

you attempt them all.

================================================

Name :

ID # :

Section Number :

================================================

Q1

Q2

Q3

Q4

Q5

Q6

TOTAL



Problem 1

(10 points each) Which of the following series converge and which diverge? For those which

converge, do they converge conditionally or absolutely? When possible, find the sum of the series.

You should justify your answers.

i-
∞
∑

n=0

cos(πn)

2n

ii-

∞
∑

n=1

ln(n)

ne

iii-
∞
∑

n=1

n3 sin
(

e
1

n
2 − 1 −

1

n2

)

iv-

∞
∑

n=1

ln

(

1 + 1
n

1 + 1
n+1

)

================================================



Problem 2

Consider the function

f(x) =







0 −π ≤ x < 0

π − x 0 ≤ x ≤ π

i- (15 points) Find the Fourier series of the function above.

ii- (10 points) Find the sum of the series

∞
∑

n=0

1

(2n + 1)2

================================================



Problem 3

(40 points) Integrate the function

f(x, y, z) =
1

√

(x2 + y2)(x2 + y2 + z2)

over the region between the two spheres given by the following equations

First Sphere : x2 + y2 + z2 = 1 (unit sphere centered at the origin)

Second Sphere : x2 + y2 + (z − 1)2 = 1 (unit sphere centered at (0,0,1))

Hint : You might find changing to spherical coordinates useful.

================================================



ADDITIONAL SHEET FOR PROBLEM 3 ANSWER



Problem 4

Consider the function of two variables f(x, y) = x3ey.

i- (25 points) Find the value of the absolute maximum of this function in the region given by

the following two inequalities

0 ≤ x ≤ 1 , 0 ≤ y ≤ 1

which is a unit square of side length equal to one, including its boundaries.

ii- (10 points) Find the line integral of the vector field

~F (x, y) = 3x2ey ~i + x3ey ~j

along the arc of a circle of radius one starting from the point (1,0) and going to the point

(0,1). In other words find
∫

C
~F · d~r, where C is the arc of the circle desribed above.

================================================



Problem 5

Consider the regular hexagon whose vertices are the points

(

1 , 0
)

,
(1

2
,

√
3

2

)

,
(

−
1

2
,

√
3

2

)

,
(

− 1 , 0
)

,
(

−
1

2
, −

√
3

2

)

,
(1

2
, −

√
3

2

)

Calculate the circulation (counterclockwise) around the hexagon of each of the following two

vector fields:

i- (15 points)

~F1(x, y) = x3 sin(x) ecos(x2) ~i +
(

1 + (y − 1)3
)

cos
(

ey tan(y)
)

~j

ii- (15 points)

~F2(x, y) =
−y

x2 + y2
~i +

x

x2 + y2
~j

================================================



Problem 6

i- (10 points) Write the Taylor series for e−r4

. You do not have to derive it.

ii- (20 points) Evaluate the integral

∫∫∫

R

e−(x2+y2)2

2π
√

x2 + y2
dV

with an error of no more than 0.01.

The region R is the set of all points (x, y, z) in 3 dimensions which satisfy 0 ≤ z ≤ 1 and

0 ≤ x2 + y2 ≤ 1
4 .

================================================
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Exercise 1 a. (5 points) If f(u, v, w) is a differentiable function and if u = x − y, v = y − z,
and w = z − x, show that ∂f

∂x + ∂f
∂y + ∂f

∂z = 0

b. (10 points) Use the method of Lagrange multipliers to find the maximum and minimum
values of f(x, y) = 3x− y + 6 on the circle x2 + y2 = 4

Exercise 2 (10 points) Convert to polar coordinates, then evaluate the following integral

∫ 2

0

∫ 0

−
√

1−(y−1)2
xy2dxdy

Exercise 3 (12 points) Here is the region of integration of the integral

=
j

x

6

z=y2

y

z

(0,-1,1)

......
......

...

......
......

...

(1,-1,1)

(1,-1,0)

∫ 1

0

∫ 0

−1

∫ y2

0
dz dy dx

Rewrite the integral as an equivalent iterated

integral in the other 5 orders, then evaluate one

of them

Exercise 4 Let V be the volume of the region D that is bounded by the paraboloid z = x2+y2,
and the plane z = 2y.
a) (8 points) Express V as an iterated triple integral in cartesian coordinates in the order
dz dx dy (do not evaluate the integral).
b) (10 points) Express V as an iterated triple integral in cylindrical coordinates, then evaluate
the resulting integral.
(you may use the result:

∫
sin4 x dx = − sin3 x cos x

4 − 3 cos x sin x
8 + 3x

8 )

Exercise 5 Let V be the volume of the region D that is bounded below by the xy-plane, above
by the sphere x2 + y2 + z2 = 4, and on the sides by the cylinder x2 + y2 = 1.
a) (7 points) Express V as an iterated triple integral in spherical coordinates in the order
dρ dφ dθ (do not evaluate the integral).
b) (8 points) Express V as an iterated triple integral in spherical coordinates in the order
dφ dρ dθ (do not evaluate the integral).

−→



Exercise 6 a. (6 points) Find the work done by the force F = xi + y2j + (y − z)k along the
straight line from (0, 0, 0) to (1, 1, 1).

b. (8 points) Evaluate

∫ (1,π/2,e)

(0,0,1)
(ln z + ex sin y)dx + ex cos ydy + (x/z − z)dz

c. Find the outward flux of the field F = (y − 2x)i + (x + y)j across the curve C in the first
quadrant, bounded by the lines y = 0, y = x and x + y = 1.

i. (10 points) by direct calculation

ii. (6 points) by Green’s theorem

good luck
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Exercise 1 a. If f(u, v, w) is a differentiable function and if u = x−y, v = y−z, and w = z−x,
show that ∂f

∂x + ∂f
∂y + ∂f

∂z = 0
∂f
∂x = ∂f

∂u .∂u
∂x + ∂f

∂v . ∂v
∂x + ∂f

∂w .∂w
∂x = ∂f

∂u − ∂f
∂w ; ∂f

∂y = −∂f
∂u + ∂f

∂v , and ∂f
∂z = −∂f

∂v + ∂f
∂w , and hence

∂f
∂x + ∂f

∂y + ∂f
∂z = 0

b. Use the method of Lagrange multipliers to find the maximum and minimum values of
f(x, y) = 3x− y + 6 on the circle x2 + y2 = 4

∇f = λ∇g ⇔





3 = 2λx

−1 = 2λy

x2 + y2 = 4 (g(x, y) = 0)

⇔





3
2λ = x

− 1
2λ = y

x2 + y2 = 4

x2 + y2 = 4 ⇒ 9
4λ2 + 1

4λ2 = 4 ⇒ λ2 = 10
16 ⇒ λ = ±

√
10
4

for λ =
√

10
4 ; x = 6√

10
, and y = − 2√

10
, and f(x, y) = 2

√
10 + 6 (maximum value of f)

for λ = −
√

10
4 ; x = − 6√

10
, and y = + 2√

10
, and f(x, y) = −2

√
10 + 6 (minimum value of f)

Exercise 2 Convert to polar coordinates, then evaluate the following integral

6

-
x

y

1

r=2 sin θ

....
....

....
....

....
..

∫ 2

0

∫ 0

−
√

1−(y−1)2
xy2dxdy =

∫ π

π/2

∫ 2 sin θ

0
r4 cos θ sin2 θ drdθ

=
∫ π

π/2

32
5

cos θ sin7 θ dθ =
4
5

[
sin8 θ

]π

π/2
= −4

5

Exercise 3
∫ 1

0

∫ 0

−1

∫ y2

0
dz dy dx = 1/3

=
j

x

6

z=y2

y

z

(0,-1,1)

......
......

...

......
......

...

(1,-1,1)

(1,-1,0)

∫ 0

−1

∫ 1

0

∫ y2

0
dz dx dy =

∫ 1

0

∫ 1

0

∫ −√z

−1
dy dz dx

=
∫ 1

0

∫ 1

0

∫ −√z

−1
dy dx dz =

∫ 0

−1

∫ y2

0

∫ 1

0
dx dz dy

=
∫ 1

0

∫ −√z

−1

∫ 1

0
dx dy dz



Exercise 4 Let V be the volume of the region D that is bounded by the paraboloid z = x2+y2,
and the plane z = 2y.

6

z

z

x
) y

D
x2 + (y − 1)2 = 11

z = x2 + y2

y = 2xa) cartesian coordinates:

V =
∫ 2

0

∫ √
1−(y−1)2

−
√

1−(y−1)2

∫ 2y

x2+y2

dz dx dy

b) cylindrical coordinates:

V =
∫ π

0

∫ 2 sin θ

0

∫ 2r sin θ

r2

r dz dr dθ

=
∫ π

0

∫ 2 sin θ

0
(2r2 sin θ − r3) dr dθ =

∫ π

0

[
2
3
r3 sin θ − r4

4

]2 sin θ

r=0

dθ =
∫ π

0

4
3

sin4 θ dθ

= 4
3 .3π

8 = π
2

Exercise 5 Let V be the volume of the region D that is bounded below by the xy-plane, above
by the sphere x2 + y2 + z2 = 4, and on the sides by the cylinder x2 + y2 = 1.

6

-

=

.........................

x

y

z

1 2

D

a) spherical coordinates: order dρ dφ dθ

V =
∫ 2π

0

∫ π
6

0

∫ 2

0
ρ2 sinφdρ dφ dθ +

∫ 2π

0

∫ π
2

π
6

∫ 1
sin φ

0
ρ2 sinφdρ dφ dθ

6

-
φ

ρ

π
6

π
2

.................

.......

1

2 ρ = 1
sin φ

b) spherical coordinates: order dφ dρ dθ

V =
∫ 2π

0

∫ 2

0

∫ π
6

0
ρ2 sinφdφ dρ dθ +

∫ 2π

0

∫ 1

0

∫ π
2

π
6

ρ2 sinφdφ dρ dθ +

∫ 2π

0

∫ 2

1

∫ sin−1(1/ρ)

π
6

ρ2 sinφdφ dρ dθ

the answer of part b) can also be written:

∫ 2π

0

∫ 1

0

∫ π
2

0
ρ2 sinφdφ dρ dθ +

∫ 2π

0

∫ 2

1

∫ sin−1(1/ρ)

0
ρ2 sinφdφ dρ dθ (why??)



Exercise 6 a. Find the work done by the force F = xi + y2j + (y− z)k along the straight line
from (0, 0, 0) to (1, 1, 1).

r(t) = ti + tj + tk , 0 ≤ t ≤ 1; dr
dt = i + j + k, F (t) = ti + t2k, and F ¦ dr

dt = t + t2, hence

W =
∫ 1

0
(t + t2)dt = 5/6

b. Evaluate ∫ (1,π/2,e)

(0,0,1)
(ln z + ex sin y)dx + ex cos ydy + (x/z − z)dz

f(x, y, z) = x ln z + ex sin y − z2

2 + C is a potential function (check it!), hence
∫ (1,π/2,e)

(0,0,1)
(ln z + ex sin y)dx + ex cos ydy + (x/z − z)dz =

[
x ln z + ex sin y − z2

2

](1,π/2,e)

(0,0,1)

=

3
2

+ e− e2

2

c. Find the outward flux of the field F = (y − 2x)i + (x + y)j across the curve C in the first
quadrant, bounded by the lines y = 0, y = x and x + y = 1.

6

-
x

x + y = 1

y

C1

y = x

C2
C3

R
-

i) direct calculation: Flux =
∮

C
Mdy −Ndx

C1 : r1(t) = ti , 0 ≤ t ≤ 1; Mdy −Ndx = −tdt

and
∫

C1

Mdy −Ndx =
∫ 1

0
−tdt = −1/2

C2 : r2(t) = (1− t)i + tj , 0 ≤ t ≤ 1/2;

Mdy −Ndx = (1− 3t)dt

and
∫

C2

Mdy −Ndx =
∫ 1/2

0
(1− 3t)dt = −1/8

C3 : r3(t) = (1
2 − t)i + (1

2 − t)j , 0 ≤ t ≤ 1/2; Mdy −Ndx = (3
2 − 3t)dt, and

∫

C3

Mdy −Ndx =
∫ 1/2

0
(
3
2
− 3t)dt = 3/8

Flux(F ) =
∮

C
Mdy −Ndx = −1/2− 1/8 + 3/8 = −1/4

ii) Green’s theorem: Flux =
∫ ∫

R
divFdA

divF =
∂M

∂x
+

∂N

∂y
= −2 + 1 = −1

∫ ∫

R
divFdA =

∫ 1/2

0

∫ 1−y

y
− dxdy =

∫ 1/2

0
(2y − 1)dy = −1/4
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Exercise 1 a. Find the directional derivative of f(x, y) = x2e−2y at P (1, 0) in the direction of

the vector v = 3i+ 4j

b. The equation 1− x− y2 − sin(xy) defines y as a differentiable function of x. Find dy/dx at

the point P (0, 1).

c. Find the points on the surface xy+ yz+ zx−x− z2 = 0 , where the tangent plane is parallel

to the xy-plane.

Exercise 2 Find the absolute minimum and maximum values of f(x, y) = x2+xy+y2−3x+3y

on the triangular region R cut from the first quadrant by the line x+ y = 4.

Exercise 3 Use Lagrange Multipliers to find the maximum and the minimum values of f(x, y) =

xy subject to the constraint x2 + y2 = 10.

Exercise 4 Reverse the order of integration, then evaluate the integral

I =

∫ 2

0

∫ 4−x2

0

xe2y

4− y
dydx

solution: to express the integral in the order dxdy, we sketch the region of integration R in the

xy-plane.

6

-

y

y = 4− x2

R

20

4

x

I =

∫ 4

0

∫ √
4−y

0

xe2y

4− y
dx dy

=

∫ 4

0

e2y

4− y

[
x2

2

]√4−y

0

dy

=

∫ 4

0

e2y

2
dy =

[
e2y

8

]4
0

=
e8 − 1

4



Exercise 5 Let V be the volume of the region D that is bounded below by the xy-plane, above

by the paraboloid z = 9− x2 − y2, and lying outside the cylinder x2 + y2 = 1.

solution:

6

-

	
x

y

z

1

D

3

a) V =

∫ 2π

0

∫ 3

1

∫ 9−r2

0
r dzdrdθ

= 2π

∫ 3

1
r(9− r2) dr

= 2π
[
9
2 r

2 − r4

4

]3
1
= 32π

b) to express the integral in the order drdzdθ, we sketch the region of integration R in the

rz-plane.

6

-
r

z

z = 9− r2

1

R

3

V =

∫ 2π

0

∫ 8

0

∫ √
9−z

1
r dr dz dθ

.....8

Exercise 6 Let V be the volume of the region that is bounded form below by the sphere

x2 + y2 + (z − 1)2 = 1 and from above by the cone z =
√

x2 + y2. Express V as an iterated

triple integral in spherical coordinates, then evaluate the resulting integral (sketch the region of

integration).

solution: The equation of the sphere x2+y2+(z−1)2 = 1 in spherical coordinates is ρ = 2 cosϕ

6

-

	
x

y

z

x2 + y2 + (z − 1)2 = 1

z =
√

x2 + y2

1

D

V =

∫ 2π

0

∫ π/2

π/4

∫ 2 cosϕ

0
ρ2 sinϕ dρ dϕ dθ

=

∫ 2π

0

∫ π/2

π/4

8

3
cos3 ϕ sinϕ dϕ dθ

=

∫ 2π

0

2

3

[
− cos4 ϕ

]π/2
π/4

dθ =

∫ 2π

0

1

6
dθ =

π

3



Exercise 7 Write six different iterated triple integrals for the volume of the tetrahedron cut

from the first octant by the plane 6x+ 3y + 2z = 6.

(do not evaluate any of the integrals)



Exercise 8 a. Find the line integral of f(x, y) = (x+y2)/
√
1 + x2 along the curve C : y = x2/2

from (1, 1/2) to (0, 0).

solution: - r(t) = (1− t)i+ (1−t)2

2 j , 0 ≤ t ≤ 1;

- v(t) = dr
dt = −i− (1− t)j, and |v(t)| =

√
1 + (1− t)2 ;

- f(t) =
(1−t)+

(1−t)4

4√
1+(1−t)2

, hence∫
C
f(s)ds =

∫ 1

0
f(t).|v(t)|dt =

∫ 1

0

[
(1− t) +

(1− t)4

4

]
dt = 11/20

b. Show that the differential form 2 cos ydx+ ( 1y − 2x sin y)dy + (1/z)dz is exact, then evaluate∫ (1,π/2,2)

(0,2,1)
2 cos ydx+

(
1

y
− 2x sin y

)
dy + (1/z)dz

solution: f(x, y, z) = 2x cos y + ln(yz) + C is a potential function (check it!), hence∫ (1,π/2,2)

(0,2,1)
2 cos ydx+

(
1

y
− 2x sin y

)
dy+ (1/z)dz = [2x cos y + ln(yz) + C]

(1,π/2,2)
(0,2,1) = ln(π/2)

c. Find the counterclockwise circulation of the field F = 2xy3i + 4x2y2j across the curve C in

the first quadrant, bounded by the lines y = 0, x = 1 and the curve y = x3.

i) direct calculation: cicculation =

∮
C
Mdx+Ndy

C1 : r1(t) = ti , 0 ≤ t ≤ 1; Mdx+Ndy = 0, and

∫
C1

dx+Ndy = 0

C2 : r2(t) = i+ tj , 0 ≤ t ≤ 1; Mdx+Ndy = 4t2dt, and

∫
C2

Mdx+Ndy =

∫ 1

0
4t2dt = 4/3

C3 : r3(t) = (1− t)i+ (1− t)3j , 0 ≤ t ≤ 1; Mdx+Ndy = −14(1− t)10dt, and∫
C3

Mdx+Ndy =

∫ 1

0
−14(1− t)10dt = −14/11

circulation(F ) =

∮
C
Mdx+Ndy = 0 + 4/3− 14/11 = 2/33

ii) Green’s theorem: circulation(F ) =

∫ ∫
R
(curlF) · k dA

(curlF) · k =
∂N

∂x
− ∂M

∂y
= 8xy2 − 6xy2 = 2xy2∫ ∫

R
(curlF) · k dA =

∫ 1

0

∫ x3

0
2xy2 dy dx =

∫ 1

0
2x

[
y3

3

]x3

0

dx = 2/3

∫ 1

0
x10dx = 2/33
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Exercise 1 (12 points) Discuss the convergence of the following series:

a)
+∞∑

n=0

1√
n!

b)
+∞∑

n=0

n + 10
n ln3 n

c)
+∞∑

n=0

(−1)n2 1
n2 +

√
n

Exercise 2 (10 points) If w = f(x, y) is differentiable and x = r + s, y = r − s, show that

∂w

∂r
× ∂w

∂s
=

(
∂f

∂x

)2

−
(

∂f

∂y

)2

Exercise 3 (15 points) Find the absolute extrema of f(x, y) = 5 + 4x − 2x2 + 3y − y2 on the
region R bounded by the lines y = 2, y = x, and y = −x.

Exercise 4 (8 points) Use Lagrange multipliers to find the maximum and minimum of f(x, y) =
4xy subject to x2 + y2 = 8.

Exercise 5 (15 points) Evaluate the integral
∫ 2

0

∫ 4−x2

0

∫ x

0

sin(2z)
4− z

dydzdx

Exercise 6 (10 points)

Evaluate the integral
∫ ∫

D
cos(x2 + y2)dA, where D = {(x, y) ∈ R2; 1 ≤ x2 + y2 ≤ 2, y ≥ 0}

Exercise 7 (20 points) Let V be the volume of the region D that is bounded form below by
the plane z = 0, from above by the sphere x2 + y2 + z2 = 4 and on the sides by the cylinder
x2 + y2 = 1

a. express V as an iterated triple integral cartesian coordinates in the order dzdydx

b. express V as an iterated triple integral cartesian coordinates in the order dydzdx

c. express V as an iterated triple integral spherical coordinates

d. express V as an iterated triple integral cylindrical coordinates, then evaluate the resulting
integral.

Exercise 8 (10 points) Set up an integral in rectangular coordinates equivalent to the integral

∫ π/2

0

∫ √
3

1

∫ √
4−r2

1
r3(sin θ cos θ)z2dzdrdθ

(do not evaluate the integral)

good luck
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Exercise 1 (12 points) Discuss the convergence of the following series:

a)
+∞∑

n=0

1√
n!

b)
+∞∑

n=0

n + 10
n ln3 n

c)
+∞∑

n=0

(−1)n2 1
n2 +

√
n

Exercise 2 (10 points) If w = f(x, y) is differentiable and x = r + s, y = r − s, show that

∂w

∂r
× ∂w

∂s
=

(
∂f

∂x

)2

−
(

∂f

∂y

)2

Exercise 3 (15 points) Find the absolute extrema of f(x, y) = 5 + 4x − 2x2 + 3y − y2 on the
region R bounded by the lines y = 2, y = x, and y = −x.

Exercise 4 (8 points) Use Lagrange multipliers to find the maximum and minimum of f(x, y) =
4xy subject to x2 + y2 = 8.

Exercise 5 (15 points) Evaluate the integral
∫ 2

0

∫ 4−x2

0

∫ x

0

sin(2z)
4− z

dydzdx

Exercise 6 (10 points)

Evaluate the integral
∫ ∫

D
cos(x2 + y2)dA, where D = {(x, y) ∈ R2; 1 ≤ x2 + y2 ≤ 2, y ≥ 0}

Exercise 7 (20 points) Let V be the volume of the region D that is bounded form below by
the plane z = 0, from above by the sphere x2 + y2 + z2 = 4 and on the sides by the cylinder
x2 + y2 = 1

a. express V as an iterated triple integral cartesian coordinates in the order dzdydx

b. express V as an iterated triple integral cartesian coordinates in the order dydzdx

c. express V as an iterated triple integral spherical coordinates

d. express V as an iterated triple integral cylindrical coordinates, then evaluate the resulting
integral.

Exercise 8 (10 points) Set up an integral in rectangular coordinates equivalent to the integral

∫ π/2

0

∫ √
3

1

∫ √
4−r2

1
r3(sin θ cos θ)z2dzdrdθ

(do not evaluate the integral)

good luck
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Exercise 1 a. (5 points) If f(u, v, w) is a differentiable function and if u = x − y, v = y − z,
and w = z − x, show that ∂f

∂x + ∂f
∂y + ∂f

∂z = 0

b. (10 points) Use the method of Lagrange multipliers to find the maximum and minimum
values of f(x, y) = 3x− y + 6 on the circle x2 + y2 = 4

Exercise 2 (10 points) Convert to polar coordinates, then evaluate the following integral

∫ 2

0

∫ 0

−
√

1−(y−1)2
xy2dxdy

Exercise 3 (12 points) Here is the region of integration of the integral

=
j

x

6

z=y2

y

z

(0,-1,1)

......
......

...

......
......

...

(1,-1,1)

(1,-1,0)

∫ 1

0

∫ 0

−1

∫ y2

0
dz dy dx

Rewrite the integral as an equivalent iterated

integral in the other 5 orders, then evaluate one

of them

Exercise 4 Let V be the volume of the region D that is bounded by the paraboloid z = x2+y2,
and the plane z = 2y.
a) (8 points) Express V as an iterated triple integral in cartesian coordinates in the order
dz dx dy (do not evaluate the integral).
b) (10 points) Express V as an iterated triple integral in cylindrical coordinates, then evaluate
the resulting integral.
(you may use the result:

∫
sin4 x dx = − sin3 x cos x

4 − 3 cos x sin x
8 + 3x

8 )

Exercise 5 Let V be the volume of the region D that is bounded below by the xy-plane, above
by the sphere x2 + y2 + z2 = 4, and on the sides by the cylinder x2 + y2 = 1.
a) (7 points) Express V as an iterated triple integral in spherical coordinates in the order
dρ dφ dθ (do not evaluate the integral).
b) (8 points) Express V as an iterated triple integral in spherical coordinates in the order
dφ dρ dθ (do not evaluate the integral).

−→



Exercise 6 a. (6 points) Find the work done by the force F = xi + y2j + (y − z)k along the
straight line from (0, 0, 0) to (1, 1, 1).

b. (8 points) Evaluate

∫ (1,π/2,e)

(0,0,1)
(ln z + ex sin y)dx + ex cos ydy + (x/z − z)dz

c. Find the outward flux of the field F = (y − 2x)i + (x + y)j across the curve C in the first
quadrant, bounded by the lines y = 0, y = x and x + y = 1.

i. (10 points) by direct calculation

ii. (6 points) by Green’s theorem

good luck
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Exercise 1 a. (3 points) Find the directional derivative of f(x, y) = x2e−2y at P (1, 0) in the

direction of the vector v = 3i+ 4j

b. (3 points) The equation 1− x− y2 − sin(xy) defines y as a differentiable function of x. Find

dy/dx at the point P (0, 1).

c. (5 points) Find the points on the surface xy+ yz+ zx−x− z2 = 0 , where the tangent plane

is parallel to the xy-plane.

Exercise 2 (12 points) Find the absolute minimum and maximum values of f(x, y) = x2+xy+

y2 − 3x+ 3y on the triangular region R cut from the first quadrant by the line x+ y = 4.

Exercise 3 (6 points) Use Lagrange Multipliers to find the maximum and the minimum values

of f(x, y) = xy subject to the constraint x2 + y2 = 10.

Exercise 4 (10 points) Reverse the order of integration, then evaluate the integral∫ 2

0

∫ 4−x2

0

xe2y

4− y
dydx

Exercise 5 (10 points) Let V be the volume of the region D that is bounded below by the

xy-plane, above by the paraboloid z = 9− x2 − y2, and lying outside the cylinder x2 + y2 = 1.

a. express V as an iterated triple integral in cylindrical coordinates, then evaluate the resulting

integral.

b. express, but do not evaluate , V as an iterated triple integral in cylindrical coordinates in

the order drdzdθ.

Exercise 6 (10 points) Let V be the volume of the region that is bounded form below by the

sphere x2 + y2 + (z − 1)2 = 1 and from above by the cone z =
√

x2 + y2. Express V as an

iterated triple integral in spherical coordinates, then evaluate the resulting integral (sketch the

region of integration).

Exercise 7 (12 points) Write six different iterated triple integrals for the volume of the tetra-

hedron cut from the first octant by the plane 6x+ 3y + 2z = 6.

(do not evaluate any of the integrals)

−→



Exercise 8 a. (6 points) Find the line integral of f(x, y) = (x + y2)/
√
1 + x2 along the curve

C : y = x2/2 from (1, 1/2) to (0, 0).

b. (8 points) Show that the differential form 2 cos ydx+( 1y −2x sin y)dy+(1/z)dz is exact, then

evaluate ∫ (1,π/2,2)

(0,2,1)
2 cos ydx+

(
1

y
− 2x sin y

)
dy + (1/z)dz

c. Find the counterclockwise circulation of the field F = 2xy3i + 4x2y2j across the curve C in

the first quadrant, bounded by the lines y = 0, x = 1 and the curve y = x3.

i. (8 points) by direct calculation

ii. (8 points) by Green’s theorem

good luck
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Exercise 1 a. Find the directional derivative of f(x, y) = x2e−2y at P (1, 0) in the direction of

the vector v = 3i+ 4j

b. The equation 1− x− y2 − sin(xy) defines y as a differentiable function of x. Find dy/dx at

the point P (0, 1).

c. Find the points on the surface xy+ yz+ zx−x− z2 = 0 , where the tangent plane is parallel

to the xy-plane.

Exercise 2 Find the absolute minimum and maximum values of f(x, y) = x2+xy+y2−3x+3y

on the triangular region R cut from the first quadrant by the line x+ y = 4.

Exercise 3 Use Lagrange Multipliers to find the maximum and the minimum values of f(x, y) =

xy subject to the constraint x2 + y2 = 10.

Exercise 4 Reverse the order of integration, then evaluate the integral

I =

∫ 2

0

∫ 4−x2

0

xe2y

4− y
dydx

solution: to express the integral in the order dxdy, we sketch the region of integration R in the

xy-plane.

6

-

y

y = 4− x2

R

20

4

x

I =

∫ 4

0

∫ √
4−y

0

xe2y

4− y
dx dy

=

∫ 4

0

e2y

4− y

[
x2

2

]√4−y

0

dy

=

∫ 4

0

e2y

2
dy =

[
e2y

8

]4
0

=
e8 − 1

4



Exercise 5 Let V be the volume of the region D that is bounded below by the xy-plane, above

by the paraboloid z = 9− x2 − y2, and lying outside the cylinder x2 + y2 = 1.

solution:

6

-

	
x

y

z

1

D

3

a) V =

∫ 2π

0

∫ 3

1

∫ 9−r2

0
r dzdrdθ

= 2π

∫ 3

1
r(9− r2) dr

= 2π
[
9
2 r

2 − r4

4

]3
1
= 32π

b) to express the integral in the order drdzdθ, we sketch the region of integration R in the

rz-plane.

6

-
r

z

z = 9− r2

1

R

3

V =

∫ 2π

0

∫ 8

0

∫ √
9−z

1
r dr dz dθ

.....8

Exercise 6 Let V be the volume of the region that is bounded form below by the sphere

x2 + y2 + (z − 1)2 = 1 and from above by the cone z =
√

x2 + y2. Express V as an iterated

triple integral in spherical coordinates, then evaluate the resulting integral (sketch the region of

integration).

solution: The equation of the sphere x2+y2+(z−1)2 = 1 in spherical coordinates is ρ = 2 cosϕ

6

-

	
x

y

z

x2 + y2 + (z − 1)2 = 1

z =
√

x2 + y2

1

D

V =

∫ 2π

0

∫ π/2

π/4

∫ 2 cosϕ

0
ρ2 sinϕ dρ dϕ dθ

=

∫ 2π

0

∫ π/2

π/4

8

3
cos3 ϕ sinϕ dϕ dθ

=

∫ 2π

0

2

3

[
− cos4 ϕ

]π/2
π/4

dθ =

∫ 2π

0

1

6
dθ =

π

3



Exercise 7 Write six different iterated triple integrals for the volume of the tetrahedron cut

from the first octant by the plane 6x+ 3y + 2z = 6.

(do not evaluate any of the integrals)



Exercise 8 a. Find the line integral of f(x, y) = (x+y2)/
√
1 + x2 along the curve C : y = x2/2

from (1, 1/2) to (0, 0).

solution: - r(t) = (1− t)i+ (1−t)2

2 j , 0 ≤ t ≤ 1;

- v(t) = dr
dt = −i− (1− t)j, and |v(t)| =

√
1 + (1− t)2 ;

- f(t) =
(1−t)+

(1−t)4

4√
1+(1−t)2

, hence∫
C
f(s)ds =

∫ 1

0
f(t).|v(t)|dt =

∫ 1

0

[
(1− t) +

(1− t)4

4

]
dt = 11/20

b. Show that the differential form 2 cos ydx+ ( 1y − 2x sin y)dy + (1/z)dz is exact, then evaluate∫ (1,π/2,2)

(0,2,1)
2 cos ydx+

(
1

y
− 2x sin y

)
dy + (1/z)dz

solution: f(x, y, z) = 2x cos y + ln(yz) + C is a potential function (check it!), hence∫ (1,π/2,2)

(0,2,1)
2 cos ydx+

(
1

y
− 2x sin y

)
dy+ (1/z)dz = [2x cos y + ln(yz) + C]

(1,π/2,2)
(0,2,1) = ln(π/2)

c. Find the counterclockwise circulation of the field F = 2xy3i + 4x2y2j across the curve C in

the first quadrant, bounded by the lines y = 0, x = 1 and the curve y = x3.

i) direct calculation: cicculation =

∮
C
Mdx+Ndy

C1 : r1(t) = ti , 0 ≤ t ≤ 1; Mdx+Ndy = 0, and

∫
C1

dx+Ndy = 0

C2 : r2(t) = i+ tj , 0 ≤ t ≤ 1; Mdx+Ndy = 4t2dt, and

∫
C2

Mdx+Ndy =

∫ 1

0
4t2dt = 4/3

C3 : r3(t) = (1− t)i+ (1− t)3j , 0 ≤ t ≤ 1; Mdx+Ndy = −14(1− t)10dt, and∫
C3

Mdx+Ndy =

∫ 1

0
−14(1− t)10dt = −14/11

circulation(F ) =

∮
C
Mdx+Ndy = 0 + 4/3− 14/11 = 2/33

ii) Green’s theorem: circulation(F ) =

∫ ∫
R
(curlF) · k dA

(curlF) · k =
∂N

∂x
− ∂M

∂y
= 8xy2 − 6xy2 = 2xy2∫ ∫

R
(curlF) · k dA =

∫ 1

0

∫ x3

0
2xy2 dy dx =

∫ 1

0
2x

[
y3

3

]x3

0

dx = 2/3

∫ 1

0
x10dx = 2/33
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Exercise 1 a. If f(u, v, w) is a differentiable function and if u = x−y, v = y−z, and w = z−x,
show that ∂f

∂x + ∂f
∂y + ∂f

∂z = 0
∂f
∂x = ∂f

∂u .∂u
∂x + ∂f

∂v . ∂v
∂x + ∂f

∂w .∂w
∂x = ∂f

∂u − ∂f
∂w ; ∂f

∂y = −∂f
∂u + ∂f

∂v , and ∂f
∂z = −∂f

∂v + ∂f
∂w , and hence

∂f
∂x + ∂f

∂y + ∂f
∂z = 0

b. Use the method of Lagrange multipliers to find the maximum and minimum values of
f(x, y) = 3x− y + 6 on the circle x2 + y2 = 4

∇f = λ∇g ⇔





3 = 2λx

−1 = 2λy

x2 + y2 = 4 (g(x, y) = 0)

⇔





3
2λ = x

− 1
2λ = y

x2 + y2 = 4

x2 + y2 = 4 ⇒ 9
4λ2 + 1

4λ2 = 4 ⇒ λ2 = 10
16 ⇒ λ = ±

√
10
4

for λ =
√

10
4 ; x = 6√

10
, and y = − 2√

10
, and f(x, y) = 2

√
10 + 6 (maximum value of f)

for λ = −
√

10
4 ; x = − 6√

10
, and y = + 2√

10
, and f(x, y) = −2

√
10 + 6 (minimum value of f)

Exercise 2 Convert to polar coordinates, then evaluate the following integral

6

-
x

y

1

r=2 sin θ

....
....

....
....

....
..

∫ 2

0

∫ 0

−
√

1−(y−1)2
xy2dxdy =

∫ π

π/2

∫ 2 sin θ

0
r4 cos θ sin2 θ drdθ

=
∫ π

π/2

32
5

cos θ sin7 θ dθ =
4
5

[
sin8 θ

]π

π/2
= −4

5

Exercise 3
∫ 1

0

∫ 0

−1

∫ y2

0
dz dy dx = 1/3

=
j

x

6

z=y2

y

z

(0,-1,1)

......
......

...

......
......

...

(1,-1,1)

(1,-1,0)

∫ 0

−1

∫ 1

0

∫ y2

0
dz dx dy =

∫ 1

0

∫ 1

0

∫ −√z

−1
dy dz dx

=
∫ 1

0

∫ 1

0

∫ −√z

−1
dy dx dz =

∫ 0

−1

∫ y2

0

∫ 1

0
dx dz dy

=
∫ 1

0

∫ −√z

−1

∫ 1

0
dx dy dz



Exercise 4 Let V be the volume of the region D that is bounded by the paraboloid z = x2+y2,
and the plane z = 2y.

6

z

z

x
) y

D
x2 + (y − 1)2 = 11

z = x2 + y2

y = 2xa) cartesian coordinates:

V =
∫ 2

0

∫ √
1−(y−1)2

−
√

1−(y−1)2

∫ 2y

x2+y2

dz dx dy

b) cylindrical coordinates:

V =
∫ π

0

∫ 2 sin θ

0

∫ 2r sin θ

r2

r dz dr dθ

=
∫ π

0

∫ 2 sin θ

0
(2r2 sin θ − r3) dr dθ =

∫ π

0

[
2
3
r3 sin θ − r4

4

]2 sin θ

r=0

dθ =
∫ π

0

4
3

sin4 θ dθ

= 4
3 .3π

8 = π
2

Exercise 5 Let V be the volume of the region D that is bounded below by the xy-plane, above
by the sphere x2 + y2 + z2 = 4, and on the sides by the cylinder x2 + y2 = 1.

6

-

=

.........................

x

y

z

1 2

D

a) spherical coordinates: order dρ dφ dθ

V =
∫ 2π

0

∫ π
6

0

∫ 2

0
ρ2 sinφdρ dφ dθ +

∫ 2π

0

∫ π
2

π
6

∫ 1
sin φ

0
ρ2 sinφdρ dφ dθ

6

-
φ

ρ

π
6

π
2

.................

.......

1

2 ρ = 1
sin φ

b) spherical coordinates: order dφ dρ dθ

V =
∫ 2π

0

∫ 2

0

∫ π
6

0
ρ2 sinφdφ dρ dθ +

∫ 2π

0

∫ 1

0

∫ π
2

π
6

ρ2 sinφdφ dρ dθ +

∫ 2π

0

∫ 2

1

∫ sin−1(1/ρ)

π
6

ρ2 sinφdφ dρ dθ

the answer of part b) can also be written:

∫ 2π

0

∫ 1

0

∫ π
2

0
ρ2 sinφdφ dρ dθ +

∫ 2π

0

∫ 2

1

∫ sin−1(1/ρ)

0
ρ2 sinφdφ dρ dθ (why??)



Exercise 6 a. Find the work done by the force F = xi + y2j + (y− z)k along the straight line
from (0, 0, 0) to (1, 1, 1).

r(t) = ti + tj + tk , 0 ≤ t ≤ 1; dr
dt = i + j + k, F (t) = ti + t2k, and F ¦ dr

dt = t + t2, hence

W =
∫ 1

0
(t + t2)dt = 5/6

b. Evaluate ∫ (1,π/2,e)

(0,0,1)
(ln z + ex sin y)dx + ex cos ydy + (x/z − z)dz

f(x, y, z) = x ln z + ex sin y − z2

2 + C is a potential function (check it!), hence
∫ (1,π/2,e)

(0,0,1)
(ln z + ex sin y)dx + ex cos ydy + (x/z − z)dz =

[
x ln z + ex sin y − z2

2

](1,π/2,e)

(0,0,1)

=

3
2

+ e− e2

2

c. Find the outward flux of the field F = (y − 2x)i + (x + y)j across the curve C in the first
quadrant, bounded by the lines y = 0, y = x and x + y = 1.

6

-
x

x + y = 1

y

C1

y = x

C2
C3

R
-

i) direct calculation: Flux =
∮

C
Mdy −Ndx

C1 : r1(t) = ti , 0 ≤ t ≤ 1; Mdy −Ndx = −tdt

and
∫

C1

Mdy −Ndx =
∫ 1

0
−tdt = −1/2

C2 : r2(t) = (1− t)i + tj , 0 ≤ t ≤ 1/2;

Mdy −Ndx = (1− 3t)dt

and
∫

C2

Mdy −Ndx =
∫ 1/2

0
(1− 3t)dt = −1/8

C3 : r3(t) = (1
2 − t)i + (1

2 − t)j , 0 ≤ t ≤ 1/2; Mdy −Ndx = (3
2 − 3t)dt, and

∫

C3

Mdy −Ndx =
∫ 1/2

0
(
3
2
− 3t)dt = 3/8

Flux(F ) =
∮

C
Mdy −Ndx = −1/2− 1/8 + 3/8 = −1/4

ii) Green’s theorem: Flux =
∫ ∫

R
divFdA

divF =
∂M

∂x
+

∂N

∂y
= −2 + 1 = −1

∫ ∫

R
divFdA =

∫ 1/2

0

∫ 1−y

y
− dxdy =

∫ 1/2

0
(2y − 1)dy = −1/4



Final Exam-Math 201

• Write your name and your I.D. on the booklet

• The duration of the test is two hours

• Calculators are allowed

1. (5 points) Determine whether
∑∞

n=1
(tan−1n)2

n2+1
converge or diverge. Please provide all the

details.

2. (10 points) a) Show that for | x |< 1, we have

ln
1 + x

1− x
= 2

(
x+

x3

3
+
x5

5
+ ...

)
.

(Hint: Determine the expansion of ln(1 + x) and ln(1− x) first to determine the expansion

of ln1+x
1−x

).

b) How many terms of the Mclaurin series for ln(1 + x) should you add to be sure of

calculating ln1.1 with an error of magnitude less than 10−8.

3. (10 points) Find the maximum and the minimum values of the function f(x, y) = 3x + 4y

on the circle x2 + y2 = 1 by using the method of Lagrange multipliers.

4. (10 points) Your company manufactures right circular cylindrical molasses storage tanks

that are 25 feet high with a radius of 5 feet. How sensitive are the tanks’ volumes to small

variations in height and radius. After finding the formula for the change in volume, calculate

the change in volume if the radius changes from 5 to 5.1 and the height changes from 25 to

24.3.(Hint: The volume of the tank is given by V = πr2h).

5. (5 points) Find all the local extreme values of the function f(x, y) = xy−x2−y2−2x−2y+4.

1



6. (10 points)Suppose that f(x, y, z)is given by

f(x, y, z) = x3 − xy2 − z

a) Find the rate of change of f at P (1, 1, 0) in the direction of the vector v = 2i− 3j + 6k.

b) In what direction does f change most rapidly at P .

c) Use the linear approximation to obtain an approximate value of f(1.01,1.01,0.1).

7. (10 points)Sketch the regions of integration and evaluate the integrals∫ 2

0

∫ 4−x2

0

xe2y

4− y
dydx

and ∫ 1

−1

∫ √1−x2

−
√

1−x2

2dydx

(1 + x2 + y2)2

8. (5 points) Find the volume of the region in the first octant bounded by the coordinate planes

and the planes x+ z = 1 and y + 2z = 2.

9. (5 points) Evaluate
∫ ∫ ∫

E

√
x2 + z2dV , where E is the region bounded by the paraboloid

y = x2 + z2 and the plane y = 4.

10. (5 points) Set up but do not evaluate the integral for the volume of the solid that is bounded

below by the xy-plane, on the sides by the sphere x2 + y2 + z2 = 2 and above by the cone

z =
√
x2 + y2.

11. (10 points) Given the vector field F = (excosy + yz)i+ (xz − exsiny)j + (xy + z)k.

a) Show that F is conservative and find a potential function.

b) Find the work done by the field F along the parabolic path joining the point (−1, 3, 9) to

the point (1, 6,−4).

12. (15 points) Given a vector field F = yi − xj and the closed curve C given by parts of the

parabola y = x2 and the line y = 2. C has counterclockwise orientation and please use the

outward normal.

a) Directly evaluate the circulation integral
∫

C
F.Tds,by parametrization.

b) Use Green’s theorem to reevaluate the circulation.

c) Use Green’s theorem to calculate the flux integral
∫

C
F.nds.

2



Quiz 1

• Please write your section number and your name on the booklet

• Answer each problem on a seperate page of the booklet.

1. (10 points) Given a telescoping series

S =
∞∑

n=1

1

(n + 1)(n + 2)
=

∞∑
n=1

(
1

n + 1
− 1

n + 2

)
.

Let sN denote the Nth partial sum of S. First find a simple formula forsN

in terms of N. Then determine how much shouldN be to guarantee that

| S − sN |≤ 0.01.

2. (20 points) Determine whether the following series converge or diverge. Be

sure to indicate what test you are using and carry out all work related to that

test.

•
∑∞

n=1
2+cosn

n2 .

•
∑∞

n=1
n−1√
n3−1

.

•
∑∞

n=1

(
5n+lnn
8n−lnn

)n
.

1



•
∑∞

n=1
n+3
3n .

3. (20 points) Determine whether the series
∑∞

n=2
(−1)n

lnn
converges absolutely,

converges conditionally, or diverges. Be sure to indicate what test you are

using and carry out all work related to that test. Also estimate the error in

using the 5th partial sum to approximate the total sum.

4. • (10 points) Find the radius and interval of convergence of the power

series
∞∑

n=1

n(x− 1)n

4n
.

• (10 points) Find only the radius of convergence of the power series

∞∑
n=0

n!(n + 2)!

(2n)!
xn

.

5. (20 points) Given thatex =
∑∞

n=0
xn

n!
converges for allx. Find the power

series in powers ofx for f(x) =
∫

exdx and determine its radius of conver-

gence. Do you get the series ofex, explain.

6. (10 points)

• Show thattan−1x =
∑∞

n=0(−1)n x2n+1

2n+1
for | x |< 1.

• Find also the Taylor polynomialp1(x) generated byf(x) = tan−1x at

x = 0. Then use the alternating series estimation theorem to estimate

the error resulting from the approximationtan−1(−0.1) ∼ p1(−0.1).

Hint: The derivative off(x) = tan−1x is 1
1+x2

2



l)roblem 1 (answer on pages 1and 2 of the booklet.)

9pts each) Which of the following series Gonverge, and which diverge? When possible, find the
lJum of the series.

if
[I

G/

lV,_1_at_h_2_0~i_:-_E __x_am_.-_1_(F_a_f_1 0_6_)

Please write your section number on your booklet.

Please answer each problem on the indicated page(s) of the booklet. Any part of your answer
not written on the indicatedpage(s) will not be graded.
Unjustified answers will receive little or no credit.

~ii) f,) C/1 (:\~·.}(iii) ~COS(21l+n2)~®'(~~~~' n ~1.Ifi (In n) 100 \. . L...; ell n 0.2 1,11=2 V 10 1l=1..-~ n ~\v'
~

~~-, ~\ \( ~~\ -~
~:)roblem 2 (answer on pages 3 and 4 of the booklet.1 \.~ 0)/00 -<- rY"
20 pts) Find the interval ·of convergence of the power series y.

Cf 1/ ( tc> l/ Nl I 00 All , , e,I' ~ ' . iYl.f I ) "- {'~. '" '± n. n. (5)n __;/ e -) L...;---x-. -- I

.r i) . q I ) J..(fl . (2n)! M \ 0Vr-- c<..,'Yl-!- 11=1, . t() ..
, li'or wha.t va.lues of x does the series converge absolutely? Conditionally? ~

1'1 ~,

iJI !, '- d ~ f th I~ 0 '"' (),
b an \) 0 e , Q /,'rZ ..c. \ I 'i

t-cOr\{2~\_-0 2=:;' fV) ',0 q! (;:(_ I~I< 1 @/0. ""~-.;::/
" , !;V~ •• ': ,It,.i r:._1 ')f!. : _ ~ «\- -~

'" ~~ ,-I!!-; 31; '5'" ) ~ v( ..~~I - ,_ / . _._ .•••.• ~••__ ~ I- ,r.. ... ;:. ~---- ''r .••\
•• \./ .'"/-)l'2...O"

PI = arctan x at the point x = O. Then
alternating estimation theorem to estimate the error resulting form the approximation

Q.j . arctan( -0.1) ~ PI (-0.1). ~
I I '

~g.QSPI (-0.1) tend t9 be too large or too small?

rv)) 6 pts) Use Tayldr's theorem to estimate the error resulting from the approximation

~ .•/ :, arctan(l/VS) ~ PI (1/V3).
~ll~oes PI (1/V3) .tend ~?b~ too large or t~o small? (Notice t~at P1(X) = P2(X). You may need the
. ,Uct that the thIrd detIvatrve of the functIOn f(x) = arctan x IS flll(x) = (6x4 + 4x2 - 2)/(1 + X2)4.)

"11.,,", IAI I~JY(4 pts) Find a power series expansion for the function .'~d ' /<--- I

(x) = arctan x ~'~ {,\_\

, 9 I-x I. &
t1J\out the point x = O. (It is enough to find the first four terms 0 the power series expansion.)

A i ---------------

lJr-oblem 4 (answer qn page 7 of the booklet.)

li~ 'd h ' D
,)\Ul1S1 er t e sequence, e~

· 1 1 1 \'an = 1+ - + - + ... + -.' .· 2 3 n \
(lJ (6 pts) Prove that ;In(n + 1) :::;an :::; 1 + In n for all n. ~ .
,11) (3pts) Does limn+oo an exist? Why or why not?
(Ui) (6 pts) vVhat about limll--+oo ani In n?I

,<)_" .~_ J; -\-~ 0 + 5 ~ ')
0(Ui "'i\v~.· 'J Uj /1

G L\,·U
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Math 201- Exam 1 (Spring 06)

<l) Please write y~ur section number oil your booklet. '

III Please answer each problem on the indicated page(s) of the booklet, Any part of your' answer
not written on the indicated page(s) will not be graded. '

<It Unjustified answers will receive little or no credit.

Problem 1 (answer on page 1 of the bookleL)
(8 pts each) 'Which' of the following sequences converge, and 'which diverge? Firid the limit 6f each

@@n~ergentsequence. V. ' ~_, ",

(r '-5n + n9, - Sn2 - 3 ,,1'r-'....' ~'sin(n! + 2n3. - 7)' ,.' ~("" ~ - (3 2) &~{\I an - , y'\ n - f'\ 1 en - n+ c a '\
7n9 + 2n + 517,+1 ~: vn + 3 -:;,1 ~\\ L-:::;-~' -n-~,

,Jt . ~/ { , ~u '-- ..-' --

,.f ~\. "'~ 'l~{\/' ~ / ----)/
f)'\;)/ . l/,/ 0'" 0 V

Problem 2 (ans:veron pages 2 ~nd 3~f the booklet.), " ..l9 pts each) WhIch of the followmg senes converge, land whIch dIverge? 'When possIble, find the
sum of the series. '

;i f= 1 (0~i))\ f cosn' ((i;,f}'

n=3n(n+l)(j C k1=2~-- /~)
,,~. \. ~ I

, . ~\I ~ \.If .' • ~~ )-"' •..•. '_ "

Problem 3 !(anmver on pages 4 and 5 of the booklet.) '/, ~~_\.S?''''L-/:

(20 pts) Find the interval of convergence of the power series -...:~\'~V " .' " "\
\..-- "

00

j I)e1/n - l)(x - 4)n.
i n= 1 {\'.gJ'?

For what val{les of x does the series converg-e absolutely? Conditionally? ~<'("'\.0" \) ~f
~' ' ,

, ~.
Problem 4 (answer on page 6 of the booklet.) ~
(i) (5 pts) Find a power series expansion for I(x) = In(l + x) about the point x = O. Also find the
Taylor polynomials PI (x) andp2(x) generated by I at the point x = O. G

' .... ~ /
(ii) (5 pts) Use the alternatiI,lg series estimation theor§fl to estimate ln4J}with an error of magni
tude less than 10-4. Does your estimate tend to be too large or too small? .

Ixl~' ~.

(iv) (5 pts) Find

(iii) (5 pts) Use Taylor's theorem to show that

.' 8 3

II(x) - P2(xil ~ 31xl, for
\ ' i('-t.
\~!

( 4)n2,:v.,

. dn L"vi,/J!

hm e~ 1 - - fj;l.~--IlK'"n ....•ca,= n w



\ .
\

(iv)

When possible, find the

B. Shayya

Any part of your answer

(:: \J
~ (_l)n
L 2n-1n==l?ft.'---"--'-..~.".:.,.,

/. '~\

,/);~ J,.-~.) I(:LC 3. _
!, S./ " ..ZL;/- -~ t\ (/ ·/, 5\/ /~/.-~.... .-/'.

roI.

,"lath 201 - Exam 1 (Spring 07)

Please write your section number on your booklet.
Please answer each problem on the indicated page(s) of the booklet.
not written on the indicated page(s) will not be graded.
Unjustified answers will receive little or no credit:

,)roblem 1 (answer on pages 1 and 2 of the booklet.)
9 pts each) Which of the following series converge, and which diverge?

/lum of the series. ~ /1
(') ~"'~(~( _2)n-l l)@"\Loo(n,- 3)n v,!l,~,t':llfl(... ) LooIn n
1 ~', + -- 11.1 -- ~'\J' III -

3n 5n+2 n + 1 {, 'j . n2
n==l n==l \/. n=--:l

.--'., ~' I/o..•.• ,..... '/ .. ,
-.. . ' \

t)roblem 2 (~nswer on p~ge 3 oUhe booklet.)
II \15 pts) Finglthe interval of convergence of the power series

.•.."

(iv) (9 pts) Approximate -JO,85 by Pl (?) and use Taylor's theorem to estimate the resulting er-
!

})zoblem 4 (answer on page 6 of the booklet.)
(~(10 pts) Find the Fourier series of the Junction f(x) = x, 0::; x:'; 21f .. '.

(b) (5 pIs) Find th~a~~~art(a) far 0 S x S 211"

(c) (5 pts) Use the result of part (b) to find

I
co 1 I

I. L -(x - 3)n. (,.-~ ' ,//
" ,_ •. i n=l vn '-- // ,~./
+\l.~t~:alJeso"f~ldoel~r~3~eries c~nverge absolutely? \Conditionally? _./ }~\.j/x

Illil,1I "'''.:. ' f 1~,iF', - y" \.j , ~ IN.

I: a,,>"~,i{ _r.Fj1'~·;'1 ,r' '-'", . '. , .. ,., ..... " .,.:";3 ,~. ~,)Ifi.:j" Iv) \\'
lil~~~;d~I~I~;~{3~(.~n~W'~I'onpag~s 4 and 5 .ofthe~po9k!et,). J j'i:'~;~'J:~fi . ',. '", . 'i;
, ,~IfuJ10pts) -Flfld njPowet senesf~xpan.slqp.tor 1(~J~VI +.:1; ~b'ou~the P,QlIltx 1\.lso find the

, I':~:r:~_otpol~r~omial§l~l~~x):_~n~:~:~.:2J?,·eneratedby f at the point X:= O. ,/.\ ' /;:fr:!

l'I'C'Y'i (~))ts) ~xpress II v'l + x4 dx as a power series .. if '/,f\, 'r. I . (/ \.., .I.. - / , ' '
I (iii) (5 pts) Appro~imate -ID5I by P2(?) and use the alternating series estimation theorem to

estimate the resu1ti~g error.

---~----------------------------
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co

{ Oif -7l' < x < -I,
f(x)= 1 if-l::;x~I,

. 0 if 1 < x < 7l'.

Prof. B. Shayya and Dr. l~. Yamani

• Plea.se write your section number on your booklet.
lJ Please answer eacll problem on the indicated page(s) of the booklet. Any part of your answer

not written on the indicated page(s) 'will not be graded.
• Unjustified answers will receive little or no credit .

. Problem 1 (answer on page 1 of thebooklet.) .. '
. (15 pts) FiIid the domain and range of the function I(x, y, z) = 3j(X2 + y2 + Z2 - 9) and identify

its level surfaces. Determirie' if the domain of I is a~'open region, a closed region, or neither. ';\lso;
dE;lcideif the domain iq ,boundeq. .or uhbounde~ ..

Problem 2(an~wer ~n page'2 'of the booklet.)

(a) (7 pts) ,Does . /~'I

liID '..jX y d! 1\:5
, ! <"'l-<"Ol(VU' +x,/ - " ~.

eXIst? Why or why not? '<1

(b) (8pts)IWhat abou,t x {. h ki/
, 'L r VXy? ;<

':\. ! v;: tQ X+~ ~ . (Xlll)~O,O) ,,/y2 _ x2 . "'1
/,' '1. ~:l • 0L Ir ••....,,) -=- K '-:> fJ;,'f~ .

f' 14 "f- r.....)( I{ -~'m __ ' ) L 1-.- d " 1:;;?I •. ./':! 2.. ~ }t'''I-\ t . /'
Problem /3 (anSJ'l@)~pa'es"3;'-4, ~Jd'-5 0 the booklet.) ... t~'J .
Supposetl}at the derivative of the functio'n J(x, y, z) at the point (1,1,1) is greatest in the direction

of A ~ 6i t'3j + 3k,'and that in this direction. the value of the derivative is yI6. Also suppose that
I
I .' .

1(3,0, -1)1 = I, V 1(3,0, -1) ::d 3~Lj;t-5k, V 1(3,2,1) = 6i-2j+k .and 'V 1(0,-1,1) = i+j+k.
. I . \.· r--:···_-,~----;;' : '~"-.. ' ' .

; . (a) (5 PtslFi~d the derivative of I a.t the point (3,2,1) in the direction of i+ j + V2!<.
,., ..------ ----·{b) ..{lO··pts)-J?md-'q-f(I~'l-;'l).···· ' ,_.' . , .. '.' , ..

-~,:_--;~m~:~~~~~~§~~a ~~:~::; ~~~~hs::;:c~1t;:~~·z)~~a~ ;h:~:i:~7;.~.~;r"'aosl"eL .•
. . . . (e) (10 pt.~) Let ' ... ' .....

x = a, y= j3 - 2 J' . z = j3 - ~ J and' w = f (x, y, z).I ;:.. .:., i'~."
Find 8wjfJa .and 8wj8j3 at the point (a,j3) ~ (3,2).' .

(f) (10 ptj) Let w = w(c;;j3) be as in part (e). Find a plane tangent to the surface
I . w(a,{3)= 21'2 ~ 1

. in thea~t':'space. (Hint. Start by finding a 'point (a,j3, /) ~(?, ?,?) on the surface.) .

Proble~I'4 (an;;wer ~n p'age 6 oitha booklet.)
(a) (9, pts) Find the Fourier series of the function

. I ..

Ii
I'

(Notice tJat L = 1r, not 1.) '.
(b) (10 ptls) Find the sum of the sedes in part (a) for -7l' ~ X ::; 7l'.

(c) (6 Pts~ Use the re~ult of part (b) to find

"

·1

= .
2:~
n=1 n

and f. sin(2n)
n=l n
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B. Shayya

•• Please write your section' number on your booklet.
(!) Please answer each problem on. the indicated page(s) of the booklet; Any part bf your answer

not written on the indicated page(s) will not be graded. A • r Co <;9.

•• Unjustified answers will receive little or no credit. /'l~ ::t +- "L r; ~~_ ~~') !)., -- 7-- V i. .~ - --

Problem 1 (answer on page 1 of the: bo~klet.). ' .. ~ -: ~ C(7'? '2 '.; Jtl. \-\.! j l
(a) J4 pts) Write the point (x, y) = (v'2r v'2) in polar coordinates .. : . Svnt) .'v;: . /.;.

~(8 pts) ~ind all polar coordinate representations of the point (r, e) = .\5,1r/3). .oJ ..,.-,~r(6 pts) Graph the polar curve r = 1 + 2 cas () for 0 ::; () ::; 1r. {' -. 'J _. c. V
""' 0:11. I

.:.? <-,..-t;j<,:;J ":L _ ~ '. IT

Probl~m 2 (answer on page 2 of the b~oklet.) . ':'>'>'<~ ~0 - - 2'

(16 pts) Findthe tangent plane and normal line 6f the surface z = x2 +y2 at the pointl(I.1.2, 3) .
... .

- . ,

~Problem 3 (answer on page 3 of the booklet.) .' .... ' .. ' '.' ..'
~ (16 pts) Find all the local maxima, local minima, and saddle points of the function

f(x,y) = 2x3 +6x2 - 4y3 + 3y2.

.. - ..

Probl~m 4 (answer on pag~ 4 of the booklet.)

(a) (6 pts) Does

~~? .I:¢:,A
I_~~~I~bfKJi 'l§i~

r x3y5 . )tb\J..0,,\q-~ -J I
. (x.y)~o.O) x6 +X2y4 J .:; {L'C--- ~ :.i '- I

exist? WhY or why not? ~ ". II

,. " ., •.... " . .,. ~ I , . ; • --"'""\ .

to) tu ptS) yVha;t aDout . hi· ;.' ~
! " ~ *" lim ~y5 7 3):~ 3 +~) G~Jy~ ~~"\ -\-~l~:}l~~)~

. -'-,({"I ,:> .. ~ ... ~ \J.s (x;y) ...•(O.O) 3y - 2x .' . {) '. 2.] t..,
. /\.. :> -I- W\.. '.' ~ ,") . b . '?, ~

. t:L: .' .. '. --= 7-. -t. .'-\;> +Q l'A-j. +-:) _ ~ z..l n,-,.' -\I T -..J '1 - ':)'."1'1 3 ,J
Problem 5 (anJwer o~~ag~ 5~and 6 of the booklet.) .. ~ 3'J-~M.'j:--' 2. .~~
Suppose that the derivative of the function f(x, y, z) at the point (1,2,1) is greatest ill the dlrectIOn
of A = i - j + -12k, and that in this direction the -value of the derivative is 12. Also suppose that

..
in the T s-plane. (Hint. Start by finding a point (rr s) = (7,7) on the curve.)

andz = r - S2,

t,f. w(r, s) = 22(r + s)

y=r+2s,x = T +5,

Find ow/as at the point (r, s) = (1,2).
(e) (6 pts) Let w = w(rrs) be as in part (d). Find a line tangent to the curve

f(l, 1,1) = 22, Vf(l,I, 1) =i+2j-2k, V' f(3,5, -3)= 2i-3j+k and Vf(O, -1,1) = i+j+k.
/ .-:-:::::::-, • "- ~_ •• "':" •• m •••• _~_. __ ----" ,

l~~~ (9 pts) Find IV' f(l, 2,1). , - .
'. (b) (3 pts) Is there a unit vector u such that Du.f(3, 5, -3) = -4 7 Give reasons for your answer.

@ (12 pts) Approximate f(1.I, 1.05, 0.951>(1\, " rz.)5CTd) (6 pts) Let '. -.. '\ \ . ~ ~ ·03·

w = J(x, y, xl 1)1 ....
~1. --'
./

....]~ ,

~ -/ (- ~/ .
~ -
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(v.",ji 08';
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n' n, I'D,OfJaYYg,

" Please vvrite your section number on,Your booklet.

o Please answer each problem on the indicatedpage(s) of.the booklet. Any part of your, aIl~wer'
not written on the indicated page(s) will not be graded,

(> Unjustified answers will receive little or no credif

"

'.
'exist? Why or why not?
(b) (5 pts) :What ahout' \

Problem 1 (answer on page' 1 of the booklet,l '. ,

(16 pts) Find.the tangent plane and notm~lJl;~qfthesurfac~ z = X+x2+y2 at the p-oint (-1'~14)\'.............' '.,-. Y~ .> ....:.....-.-.. -.-' ..'~.... ", > >, "', -- .< - ." - .. -.-<.-."

Problem 2 (answer on page 2 of the bbOkLe~;j,~f,fc; ,
(a) (11 pts) Does

"'""" .

r + 3s. r + In s\
x = 6 ' Y = l' I and w = f(x, y)., +r+s +r '

d'Find ow/ch a[1d'ow/o,s at.thepoint (r,s) = (1, i)" Also, find ,the derivative ofw:at the point'
(T, s) = (1,1) in the direction o~ i + j.-_.' "

(cl) (7 pts) Let w = w(r, s) be as in part (c). Find a line tangent to the curve ., " ,

2hw(r, s) = 1.5 + S3

in the r8-plane.

Problem 4: (an~wer on page 6 of the bookld.)
(a) (10 pts) IFind the Fourier series of the function.

, '{ x2 if 0 < x ::; 1f,. f(x,'y) = . 0 if 1f < ;; :S 27L

'(See back p~ge for relevant integrals.) ,
(b) (5 pts) Find the sum of 'the series' in ,part (a) for 0 ::; x:::; 21f,

(c) (5 pts) Use the result of part (b) to find Z;::O=l ;2' '

N ~'~d';,-d!) I' ,z.., ~, " .) i )("")i''\-'i Iv,)~
1I (tJ'») ( Yi l(. d i16 ::.' ~. r--~-\-

)1" . v,
t:,)

_ '2. )( C[-j ') VI Xi

VIL
,

? y,: Si 'V, in X

il 1.



<!l Please write your section number on your boeklet.
€I Please answer each problem on the indicated page(s) of the booklet. Any part of your answer

not written on the indicated page(s) will not be graded.
6 Unjustified answers will receive little or no credit.

B. Shayya

or neither. Also, decide if the

Math 201 - Exam 2 (Spring 07)

Problem 1 (answer on page 1of the booklet.)
(13 pts) Find the domain and range of the function

2
f(x,y,z) = --- -'

Determine if the domain of f is an open region, a closed region,
domain is bounded or unbounded.

Give reasons for your answer.

~..

t /

,~
'..•. \

..•

~C(J + lC:~
~L-

~~

Problem 2 (answer on page 2 of the booklet.)
(a) (11 pts) Does ._

..

in the r 8 t-space. (Hint. Start by finding a poinf f~o, 80, io·) on the surface.)I .



I:'·Ii

, '

. ~ .7j = v V1-- ~.1 U2V2x = u Y} - 4" - .2 '

201-Final Exam (Fall 02)

to rewrite

.1

'Please write your section number on your booklet ..
9 Please ans:wer each problem on the indicated page(s) of the ,booklet. Any part of your answer

- nOG written on the indicated page(s) will' not be graded.

lJ'Unjustified a.nswers 'will receive little or. no credit .. '

.I In 8 xi! VI -. x2.-= rl dx'dy

as'an integtal!over 'an appropriate' region G in the 'uv-plane. Then evaluate the uv'-int~gral over G.

(Bint: vI -.xF. - y2 =d - Hu2 +.v2).) •.

Problem4"fanswer o~. page 8 of the booklet.) .

\')(12 pts) Int'egjrate g(x, if, i) = X yly2 + 4 over the surface cut from the parabolic cylindery2+4z =
16 by the planes x - 0, x = l,and z = o ..

Problem 5 (knswer on pages 9,10, and 11 of the booklet.)
(a) (6 pts)Fi~d theFOlirier series of the function lex) = x on theinterval -7r < x < 1r.

I ..

. (b) (6pts) Us;e the series in part (a) to find Lk=O b~~:' -. I .,. I
I .. '.' 13•.

(c) (6 pts)Defermine whether theseries L~=l(lnn)(elln.-I) converges otdiverges.i
i .

Problem 6 ($'.nswer on pages 12 and 13 of the booklet.)...

(16 pts) Let lfbe the dis~x2 + y2 ~ 3/4. Use the transfOrmation
i

. Problem 1 (answer on pages 1, 2, and$.;ofthebooklet.)

(a) (8 pts) Shovl that the differ~J:l.tjf;lf?~ffi'~t~;p:·the.followingintegral· is exact, then evaluate th~

integral .. h::;:~I~~,i~~~!~(~Z_ex sin y) dy + (xy + z) dz

~(lO pts) Find thecq~!it~Y~C)l,,,",,,·cU:culation and outward flux of the field
(x, y) -:- (x +exN;n:.1!!·J.~f(;~4~;~·'~t2bSy)ja.roundand across the card~oid T :""2(1 + cas e).

".: ; ... -. ~.. ; ~;'-~"-.~,<::;;....

Pro bleDJi~·e.~~¥ef~·b1i;:~l{i~i: .4 and ·5 of the booklet.)

(a)(~iPt~)!::;triD;cI:;i~:b.~:volume!Jfthe region in tHe first octant that is bounded by the coordinate

~]j,~'Iif~;rr)!~+34r1]).0, and the surface y =v .
JR)fi;~t@~~~§}j:LEitD be the smaller region cut from the solid spheJ;e p.:S 1 by the cone ¢ = 7r 16.

,:;.i;~1~"~~}~~r~r~"lqJDz dV .." \
iJ/iC."i':·' i. I
9'E>Iem 3 j (answer on pages 6 and 7 of the booklet.) .

c;;~~!?t~)m~sLthe points on the sphere x2 +y2+Z2 = 30 where f(x,y;z) = x -2y + 5z has its
_.i. __ i_·J....l. ~;~·;~.um values .... '

..

; .



c/

(Spring 03)

·...<~_Elea;sedwr:ite your section number 'on your book~ei .
•iI Please answer each problem on the indicated page(s) of the booklet. Any part of your I'\.

B-OS written on the indicated pp.ge(s) ",rill not be gTaded.
09 Unjustified answers will receive little or no credit .

• 4' •

Proble~ 1 (a~swer on pages 1,.2', and 3 of the booklet.) .

(a) (8 pts) Find the line integral of f(i, y,.z) = x+y+z over the straight-line segment from C],l~

toJO, -1,1). ~ .(,b) (8 pts) Find the work done by F .:....xyi + yj - yzk over the curve C : r(t) =ti+ t2j ~I
.()<t<l. " ..--r -

Cg) (9 pts) Show that the differential form in the following integral is exact, then evalua~
futegral. .

. r(S,O,B) .i((eY + yz)dx + (xeY + xz). dy+ (xy) dz(1,1,0) ..
. - ...

~pr >let;n 2 (answer on page 4 of the booklet.) .. '..~.,k' 0 p~s) IS,uppose that ~h.e ;deriyative of the function J(x) y,:z) at the point, PC:, 5, 2) is grea~~f<l, the dlre9tlOn orA = 31 +J+..:I2k. Also suppose that the value of the denvatIve of j at P 111

. direction! of B·;; i+j - V2k is IO.Find V'ffP) '.' .' ' ,
. \ ' '.' ' ' ..

i·' '.
ProbleDj13 (answer on pages 5and.6 of the booklet,)

. (15 pts) Find the maximum value of /(x,y,z)= xyz on the sphere x2 + y2 +.z2 = 1.
I ' .' ' .
I ' .. .. .

Prqblen} 4 (answer on pages/7, B,and 9 of the booklet.)

~\;_-;:~s-:::;;:0:.;,\~~~~_:P-J?~t~h~,smallerregion cut from the spherex2 +;y~---+z2 = 4 byth~ plane z =..;3: . If:(~,.~L~"~:f~..,;~,\a.).,.{~6..;J.?t.~:s.:et;.~?the triple integral in spherical coordinates that. give the volume of D using I;

t;Jf.tfl ;:;;{~~~02~~t!;t~f~~~;;pf:'i~t~~als in s'pherical coordinates that give the volume of D using I'"

t-"'l~'~~;-----:orderof mfegratlOll 4.if?dpdfJ, ... '.' '.

. . (cJ ~4 PtS)\Use the integral:ofpart (aJ to ,find the volume Of. D,_ Prob rr~,,5 (answer on pages 10 and 11 of the booklet.) .

L/ .'(10 ts)' U'e the transf()rmation

2x - Y

u=~
v=¥..

2'

z

w=3

to rewrite
'I ,~,

. f3 {4 r(y!2)+1 (2X - y Z) .'. I . in if i" 2 + - dx dy dz

I . ° ° y/2 .. 3
as an integrfl over an appropriate region G in the uvw-space, Then evaluate the uvw-integral ovel

6 Problem 6\ (ansy~er on pages' 12 an~ 13 of the boolclet.)
(4 pts eachA Which of the following series converge, and which diverge? Find. the sum ofe

!. I
convergent srries.

\ (') ~ (_l)n+l (") ~ In(1 +en) ("') ~ 3110 "'I iI z ~zz ~'2 m ~ -, fl i
I 110=1 yITi + .5 n=i n 110=2 n. ,
I I I·
\ •. , "' ... I I

Probiem 7 (answer on pages 14 and 15 of t'he h'ooklet,) i II ;
(a) (5 pts) U~e that (arcta~.x)' = 1/(1 +x2) to find a power series exp~nsion for ?-rctanx about:

... I . i

pomt.x =.0. I' " .. ' ... ' .. I

(b) (5 pts) Fqr what v~.lt+esof x can we replace arctan x by"x - 'x3/3 with an, error of magnitudE I .greater than? x 1O-,-16? , f'
,. I :

I ij



• Please write your section number on your booklet.
• Please,answer each problem on the indicated page(s) of the booklet. Any part of your answer

not written'on the indicated page(s) wilInot be graded.-
• Unjustified answers will receive little or'Do'credit.

IB. :5nayya

1(l,,r.O) .
(2xcosy +yz)dx + (xz - x2siny) dy+ (xy) dz

(5,0,9)

Problem 1 (answer on pages 1 and 2 of the booklet.)
(24 pts) Show that the differential form in the following integral is exact, then evaluate the integral.

~~/ .

;
1,
f

l.\Problem 2,(answer on. pages 3 and 4 of the booklet.) : , '.

, q,,~(24 pt$l~m.t;tth~~~~ and minimum values of j(x,y,z) = xyz on the sphere .x2+Y+.r :=.1... / .I •

Problem 3, (answer on pages 5 ~d 6 of the booklet.)

, (" Let D be ~e region bounded below by the plane z = 0, above by the sphere :r?+ 11+ z2 = 4, and

f . on ,~.e side.i by the cylinder :r;2 + y2 = 1.,' , , ,
'C\ t~ ' (i) 8', ts) $et up the triple integrals in cylindrical coordina.tes that give the volume of D using they , .''oro,' o(int~gration dzrdr dfJ. ,Then find the yolume of D. '

., ./~/;(ii)f(6 'pts)/Set up the limits of mtegrati9n for evaluating the integral, of a function !(x.y,z) overV :,1?.+ ~ itfated triple in~~ in the ~rder dy ~ dx....
, (m) (l~ ptS) Set up the trlple mtegrals m sphencal coordinates that gIve the volume of D umng the

order·tiC integration dtPdp dfJ,
, ,,,•.,'s.,c, __!,-"..',.,

'"~1==~~';;~);;==~::::7;::~A,"'. -'.' .- ...

. -tt;t''':;,~·:'jr.!;i;'''''-''~;-':~-::;';;''-;~~~;~~·f_~~~~~~~·~~~'''~·:':"~~;;::':~~. :::-~...=---="""-'=..,..._~~-~.~-;,-"'~:"':.-~~_. ~ .•

S,'.', '::--r'Problem,Sc(answer'on pages 9;'10: and 11 ofilie booklet.) .
.... .. Let S be- fhe-·eone z .::.1 - va? + y:.t> 0 :S z :S 1,and let C be its base (i.e. C is the unit circle in

the "1J-PI.~ ,e). Find the counterclockwise circulation of the field

. c F(x,y.z) =x2yi+2y3,z-j+3zk

around '1 " " "Ja.} (12 pfs) directl~., I
(b) (8 p1;$) using Green's theorem, and "

. (e) (14p~) usingStokesl theorem (I.e. by evaluating the flux of curlF outward through S).
"'. J . " .

1

"Probl~ 6 (ans\\"er OD pages 12 and 13 of the booklet.) "
(25 pts) !Let R be the region in the xy-plane hounded by the lines y = 0, y = x. x + y = 4, and

//. ,," Ix + y = r Use ,the transfOrmation. '

l:'l.~~." I'" x=utJ, y= (l-u)l.'
\ .1'to rewnte

I "

1 If 1 ~~I JR -.jx+y

I
i
II
:
i



DU.ell - FiYlal EXClul (Spring 04)

," . b "1 '/lease wnte your S8CtlOl1 nurn er on your aOOK eL.
Please answer each problem on the indicated page( s) of the booklet Any part of your answer
not wrinen on the indicated page(s) yvill not be graded.

lIJ Unjustified answers will receive little or no credit.

PfOblem 1 (answer on pages I, 2, and 3 of the booklet.)

)f) (8 pts) Find the line integral of f(x, y, z) = xy+y + z over the straight-line segment from (0,0,2)
to (2,1,0). ,

(ii) (17 pts) Let R be the r~gion in the first quadrant bounded by the x-axis, the y-axis, and the
line x + y = 1. Let C be the boundary of R traced counterclockwise. Find

x + 2y + 3z on the sphere

Ie y2dx + 3x2dy

/~diPectlY, and (b) using Green's theorem.

Problem 2 (answer on page 4 of the booklet.)

(8 pts) Find the surface area of the upper portion of the cylinder x2 + Z2 = 1 that lies between

the planes x = ±1/2 arid y = ±1/2. (Hint. J Vl~X2 dx = arcsin x + C.)

Problem 3 (answer on pages 5 and 6 of the booklet.)
(15 pts) Find the maximum and minimum values of f(x, y, z)

x2 + y2 + z2 = 25 ...

Problem 4 (answer on pages 7 and 8 of the booklet.)
Let D be the region that lies inside the sphere~p .~ 2 and between the cones ¢ :""':'ir/6 and' ¢ = 1r / 4:

(i) (10 pts) Set up the triple integral in spherical coordinates that gives the volume of D. Then
evaluate the' integral. I

(ij) (10 pts) Set up, but do not evaluate, the' triple integrals in cylindrical coordinates that give the '1 'II
volume of D. '

Probl m 5 (ansyver on pages 9 and 10 of the booklet.)
(15 s) Use the transformation

7.£ = x, v = xy,
....

w = 3z

to I;'ewrite

loll212/X .v (x2y + 3xyz)dy dx dz
J; 0 1 0

E/ as an integral over an appropriate region G in the 'Uvw-space. Then evaluate the 'Uvw-integral over G.

'§)( answer on page 11 of the booklet.)
ptS) Use the fact that (arctan x)' = 1/(1 +X2) to find a power series expansion for arctan x about

the point x = O. ThEm decide whether L~=ln-O.1 arctan(l/n) converges or diverges.

Problem 7 (aIlsv'{er on pages 12 and 13 of the booklet.)
(i) (5 pts) Find th~ Fourier series expansion of the function f(x) = x over the interval -1[" < x < 1[".

(Hint. Since f is Jri odd function, itp Fourier series is of the form a20 + 2:~=1bn sin nlx.)

(ii) (2 pts) Find the sum of the series in part (i) for -1[" :::; x :::;1[".

(iii) (2 pts) Use the result of part (ii) to show that

00 (_l)k _ ~L 2k + 1 - 4'k=O .

. I



~" tb201-Final J:.ixam (Fall 06'\.•..._.~.;""._~ I

~.Please vvrite your section' number on your booklet .
• 'Please c'.lls"vereach problem ,on the indicated page( s) or the booklet.

not written on the indicated p'age(s) will not be graded.
~ Unj'ustffied answers will :r:e~eive~ittle or no credit .....

" .

Problem 1 (ansyver on pages 1, 2, and 3 of the booklet.)

~::"(8 pts) Show that the differential form in the following integral is exact, then evaluate the
ntegral. "

iT!! (4ptS) Let D as in part (i). Set up (but do notevaluate) the iterated ~nte'gral in cylindri
cal coordipates that give the volume of Din the order dzdTde.

<~ '(8 pts) Let R be t'he region in space bounded by the'planes z = y and y = 1 and the surfaq

~7 x2. Evaluate " 2 '~

111- -,- dV.

r(6,7,O) ( 2XZ)'" ' , (
J(2,O,1) sin(yz) - 1+ x2 dx+ ~z cos(yz) dy + xy cos(yz) -In(l + x~)) dz

"1ii) Find the flux of the field F(x, y) ='2:d,-;') ylacr6ss thi region in the first quadrant bounded by'
the coordinate axes and the curve y -:- x .-:cx- i Q'<x<~l,' , '

,~(8 pts) directly " " ,,< . 't(b) (6 YWJ usin~ Green's theorem.I ~~

Gi) C;V~~s) SUp'Qose F\x,y) is a vectot~~ld o~ art opeB'rcoI1n~cted,and simply connected ~egiol1
R~n the xv-plane. Recall that the (two':'dlmeUSllQnal)cU1;ltest says that

: I·· 0:; ~. ~, ,~,

I· j F is_conservativ'e i~ l} .g. curl F .~:a everywhere in R.
t.. ,';/ ;:, ' i)' ''''';,~~ ..'•. ' , ' "

Use< Greeh:¥l,;,~~f~};mto prov~,.,~he·.$:implication.
-j'; .~,~" .' ,

.pcObl6'~ .2.(4~~weron pa.ges 4, 5, a.nd 60f tp€ b09klet\ . J. I
"~~~ , , .•.. : - . '. 'ce·. ,,'

% JJYl~~~g!tb~f<1;;P~~f"rgi~nitL~pace botu;lde,1beiow oythe plane.i == 0, apove by tile spJ:-~;reX2+~2-i-Z2 =11
"~4,t,,art4Fq.1~;,,~h~·~ldes~,byithe{cyIin~qer'j;v2,+~y2=1. Set up Cbut.do not evaluate) th.elterated mtegrals
"in'sph:eti~alcooidinatesChat ..g,ix,'e the volume'4of Din the'ortler ' ... . ,l:,~. ,.;,- .'"" i;., , - "'-... -.

(~f(7ptS) '~p~¢;dO~~ ' "
();i) (7 pd) a¢ dp do. 'I

Problem 3 (answer on pages 7 and 8 of the booklet.)

(i) (8 pts) Find all local maxima, local, minima, and saddle points of the function' f(x, y)
3 '

x3 - Y - 2xy + 6.

&1) (7 pts) Use the method of Lagrange multipJiers to find the ma.,"{imum and minimum valunfl
bfthe function j(x, y)-:- 2x +2y + 2z on the sphere x2 +y2 + Z2 = 3.



the uv-integral over G.

+ 5 at the point (2,1).
y) over the rectangle

j) --i ~ _'--""--'
- \_Yl

as an integral over' an appropriate region

to rewrite

Problem 4: (answ~r 'on pages 9 and 10 of the booklet) .

(14 pts) Let R pe the region in th'e xy-plane bounded by the ~ines Y·. 0, Y = 2x- 3, y = 4,·;;md
y = 2x. Use the tran;'?formation ...

2x - yu=
2

e

V»''<''
.7: \.';

e/~~

;
' .



I
I

I
1Ii
1i
i

(bt/t (lnn)Z
",=1 n1.2

cc

E Vn In(1+ _l_)~-n=1 n2..1
(a)

Problem 7 (answer on page 14 of the booklet.)

(6 pts each) Determine which of the following series converge, and wmcl1 diverge.

~l~

@ Ln(vtn-1)=1

with an error of ~agnitude less than 10-5.,

(ii) (6 pts) Approximate

Problem 8 (answer on pages 15 and 16 of the booklet.)
(i) (6 pts) Use Taylor's theorem to prove that.~:.

( /i ~1 eo xn
\. i () ) e:: = L -,"I.L / n~'----~ 71=0 •



Final Exam (Spring 06)

,l P1-='258 1~/Tite YOUT section numbf'!c nil vnl1r hooldet .. J .'

,(" PIee.se answet each problem on the indi~-;ted page(s) of the booklet. Any'part or Your aust,!'Br.
not :I/VTittenon t~e indicated page(s) will not be graded.

9. Unjugtified answe,rs~ill receive little or no credit.

Problem 1 (answer on pages 1 and 2 of the booklet.) . ,," .' .
(a) (10 pts) Shov,rthat the differential form in the following integral is exact, then evaluate the
integral.

J<Z,-Z,3) 2 )
.. (2xy - 3zZ) dx +(x2 - 4yz)dy - 2(Y +3xzdz
(1,-'-2,5) .', ..

(b) (10 pts) Find the counterclockwise cir~ulation and outward flUX of the field

around and across the triangle bounded by the lines y = 0, x . '3, andy =x.

." ."

f(x, y) =12i~¥12y2+ (x + y)3.

(c) (llpts) Integrate g(x,y,z) = xVy2+4 over the.surface cut from the parabolic cylinder
y2 + 4z = 16 by theplanes x = 0, x = 1, and z =0. '-

y-.UV

.<••.• _,

" ..... .. . ' - .

Problem 5 (answer on pages 10 and 11 of the; booklet.) ... ' -
(15 pts) Let Rbe the region in the first quadrari.tbfthexy~plane bolmded by the hyperbolf1.s xy= 1)

xy = 9 and the lines y = x, y= 4i. Use the·transformation

.U

x =.:;j}'

(b) (7 pts). "What about L~lln(l + ;")7 .J'-

.. ".:.'. ,"

.J r,;tiY-i;t #Y)·· dxdyjg\ V;,.' ' .

as an integral over an approp.ria~e regionC ~nt~e'uv-plane. Then evaluate theuv-integtal over G.
". t·

to rewrite

, ..

Problem 4 (answer on pages 8 and 9 of the booklet.)
(10 pts) Find all the local maxima, local minima, ap.dsaddle poirJ.ts of the function

Problem 2 (answer on p~ges3, 4, and 5 of the booklet.) '. " , .
(a) (11 pts) Find the volume of the region in space that is bouoded by the planes x ""=0, y =0,
z = x, ·x + z = 12 and theparaholoid y '.' .x2 + Z2. ~ .

Problem 3 (answer on pages 6 and 7 of the booklet~) .,' .' '..
.(12 pts) Use the method of Lagrange multipliers to find the maxi:r.Dumand,minimum values of the
function f(x,y}=3x +4y onthe circle x2 +y2=·1 ...

. . ..

/' (b) (11 pts) Find the v~lume of the region tha:tlies inside the. spb.ere x2+ y2+ Z2=' 2 and outside
the cylinder x2 + y2 __ 1. .. -.. '.

, If:Problem 6 (answer on pages '12 and 13:of the booklet.)'i\.; ..... , .
If:} (a) (3 pts) .Does 2:~~1(1 + ;2)' converge? hVv'lJY 9~;why not?



B. Shayya

and minimum values of the

booklet. Any part of your answer
••Please write your section number on your
" Please answer each problem on the ..

not written on the indicated page(s)
I) Unjustified answers will receive little

Math 2m-Final Exam (Spring 07)

j
,- 1 _

blem 3!(answer on pages 6, 7, and 8 ofthe booklet.)

1)' (I8 pts) phow that the differential form in the following integral is exact, then evaluate theirtt6gral.

Prgblem 1 (answer on pages 1 and
-(20 ~ts) Use the method of

'·~.rne;tion f(x, y, z) eX+Y+z on

1(3,3,-1) .(3z2 - 2xy) dx + (4yz - x2) dy + (2y2 + 6xz) dz
(1,-1,1)

(ii) Let R be the region in the first quadrant that is bounded by the x-axis, the line x = 1, and the
curve y =~2. Find the outward flux of the field F(x, y) = (x/2)i + (y/2)j across the boundary of R
(a) (13 pts) directly
(b) (8 pts) using Green's theorem.
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